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May 15, 1981 
Dr. George K. Lea, Program Director 
for Fluid Mechanics 
mei3hanical Sciences and Engineering Group 
Division of Civil and Mechanical Engineering 
Directorate for Engineering 
and Applied Sciences 
Natfonal Science Foundation 
Washington, D. C. 20550 
Re: NSF Grant. No. CME 7820240 
Dear Dr. 	o t: 
This letter is my progress report for the period 4/1/80 to 3/31/81 
for my NSF Grant No. CME 7820240 entitled "Studies on Controllable Motions". 
I was first concerned with the determination and study of universal 
motions of simple fluids. 
At the beginning of the grant period I had solved completely the 
problem of determining the steady, rotational, universal motions of incom-
pressible simple materials in the case when the proper numbers of the first 
Rivlin-Ericksen tensor arc not all constant. This work is contained in my 
paper "Steady Universal Motions of Rivlin Erickson Fluids" Archive for 
Rational Mechanics and Analysis 69, 335-380 (1979), and the paper in col-
laboration with C.-C. Wang: "Proof that Motions Obtained in the Preceding 
Paper by Marris are Universal for all Incompressible Isotropic Simple 
Materials", Archive for Rational Mechanics and Analysis 69, 381 - 390, (1979). 
The problem remaining was to delimit the possible motions in the case 
when the proper numbers of the Rivlin-Erickson tensor are constant. 
The approach to this problem, as in the one already solved, was to use 
a result of Fosdick and Carroll (see references in the second of above papers) 
that the universal motions are obtained directly from the universal defor-
mations of finite elasticity, by making the constants of the elasticity 
problem such functions of time as to make the acceleration lamellar. Thus 
in order to settle the fluid mechanics problem it was necessary first to 
settle the elasticity problem. They are essentially the same problem. I 
enclose with this letter a manuscript containing my discoveries concerning 
this problem. This manuscript is currently being reviewed for publication. 
Paee 2 
I summarize the results as follows: 
1) We indicate sixteen globally independent algebraic equations in 
sixteen variables. If these equations can be solved for the sixteen 
variables, showing that the variables are all constant, then there are 
no more solutions to the elasticity problem or the fluid mechanics 
problem. To clinch the problem completely one must use a computer 
program {;eared to do algebraic eliminations, for example the MACSYMA 
program. 
2) If there is a new solution then the curvatures of the vector-lines 
of the proper vectors must satisfy at least one algebraic relation. 
3) 1 showed that, if the proper numbers are functionally related, this 
relation must be of one particular form, otherwise there are no new 
solutions. 
4) The analysis separates kinematic results from kinetic results, and 
the purely kinematic part forms a basis for the study of deformation of 
anisotropic materials under constant hydrostatic pressure. 
This work was presented in an invited lecture in the continuum mechanics 
session of the 17th Midwestern Mechanics Conference, University of Michigan, 
Ann Arbor, Michigan, May 6-8, 1981. 
Next, in accordance with the proposal, I was concerned with universal 
motions of homogeneous incompressible linearly viscous fluids. In parti-
cutar I hive been studying both steady and unsteady plane flows. This work 
is contained in the paper "Remarks on Plane Universal Navier Stokes Motions", 
which is currently in press for the Archive for Rational Mechanics and 
Analysis. In this research steady universal plane motions are delimited 
completely. Also in this paper it is shown that for any unsteady plane 
motion possessing an acceleration potential, that is a motion appropriate 
to a homogeneous incompressible inviscid fluid, the (unsteady) vector-lines 
of curl w, where w is the vorticity, are the curves of constant vorticity 
magnitude, and moreover these curves always contain the same fluid particles. 
IL seems possible that this result relates to the fact that certain highly 
unsteady plane motions, (for example the turbulent Kerman vortex street), 
tend to maintain their original laminar form. 
A the present time I am continuing the study of unsteady plane flows. 
Yours sincerely, 




UNIVERSAL DERANLVIIONS IN FINn13 
A. W. MARRTS 
School of Engineering Science and Mechanics 
Georgia Institute of Technology 
Atlanta, Georgia 30332 
February 1981 
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IN'114)111CT ION 
Erickson (1954 [l]) attacked the general problem of determining 
the deformations that can be produced in every isotropic incompressible 
perfectly elastic body by the application of surface tractions when 
body forces are absent. Two cases proved intractable at that time, 
a case when the deformation tensor c had equal proper numbers, and the 
case when its proper numbers were all constant.* Marris and Shiau 
(1970 [1]) showed there were no further solution.; in the first category. 
The problem of constant proper numbers has remained unsolved. 
We give a brief history of the researches on the constant proper 
numbers case. Fosdick (1966 11)) noted that the known deformation 
r= aR, 0 3 b0 , 	z = cl, 	a 2bc = 1, 	b 	1 
represented a solution for the case of constant proper numbers. Singh 
and Pipkin (1965 [1)) gave the new solution 
r aR, 	0 	b log R + CO , 	z 	dZ, 	a`cd . 1 	(I.1) 
and they noted that a special case of this deformation corresponding 
to a2c . 1, b2 + c2 . 1, had been found by Klinhbeil and Shield 
(1966 [2]). Fosdick and Schuler (1969 [1]) characterized all the 
miversal deformations which were plane deformations (with uniform 
transverse stretch), and showed that., beyond homogeneous deformations, 
the above solution was the only plane deforination in the class of 
constant proper numbers. Fosdick (19 71 [ 1 1) showed that there were 
*A part of Eriasen's analysis was based on a deeply seated 
geometrical theorem originally given without adequate proof by Hamel. 
This theorem was proved by the writer in (1971 [1]). 
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no new solutions for the class of radially symmetric deformations. 
Kafader (1972 ill) proved that (I.1) is the only possible solution 
in the case when any two of 5.'s proper numbers are equal.* For the 
remlining case of distinct and constant proper numbers, Kafader also 
ITToved that if the abnormality of the vector-field of any one of c's 
proper vectors vanishes, then no new solutions exist. Finally, the 
writer showed in (1975 [1]) that no new solutions exist when any two 
of the abnormalities of the proper vectors of c arc constant. 
It is seen that all the past work has been directed to showing 
that no new solutions exist for special classes of deformations., No 
attempt Las been made to attack the problem from the other end, that 
is, to prove that if a new deformation exist it must be of a certain 
typo. In the present work we attempt this. 
We prove the following theorems:* 
WIN THEOREM I.1. 
If there exist a new class of solutions then it must be such 
that the curvatures and abnormalities of the fielde of the unit proper 
vectors and the proper numbers are functionally related, thus 
	
2 	2 	2 a a, 1 2 .)  F 
(aa' 
Tr
ab' —7 ' —7 ' 02 
= 	 (1.2) 
02 °3 °1 
lireproper numbers ir , and abnormalities Ti la and curvatures 
7 	referred to in (I.2), (1.3) and (IA) arc defined in Chapter 1. 
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L'h,2rP Pia a aymetric polynomial in ite c,Pgur,r'n1:J, and is homogeneous 
	
in the nine abnormalities and curvature .-; ii 1 	• The form of F is as 
such that it is invariant when the basis of proper vectora is trans-
form'd by reflection from a right-handed to a left-hx.ded system, and 
for a ninety delree rotation about the direction determined by a 
pr per vector. 
i!,IN THEOREM 1.2 
If the condition (I.2) is satisfied by a functional relation Q, n 
among the proper numb,'ra only, so that 
2 	Z ) 
° I 0 	 G 	° 2 
( 
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then Cbn must he of the form 
■ 
( 2 '34 	1 2 
ai 	3 5 Yn = 2 k 
a
--- n L , 




where kn is a conztant which can have a discret( number of values. If 
there exist a new solution in which the proper numbers are functionally 
related, this relation must be of the form* 
= 0 • 	 (1.5) 
----- 5—known solution (1.2) corresponds to k = 0. r  
The difficulty with this problem lies not so much in generating 
polynomial integrals as necessary conditions, but rather in proving 
that these conditions are completely independent. lbese integrals 
must involve a minimum of ten variables so that even if they turn out 
to be of relatively low degree they will be extremely long expressions.* 
ichi Ic such expressions may appear to be globally independent, one is 
always faced with the possibility that common factors may occur at late 
stages of the elimination. The problem appears to be well suited to 
the new computer symbolic mathematics systems (1979 [1]). 
We give ten polynomial integrals effectively involving sixteen 
arguments. These are the ten variables indicated above and the six variab1•2 
	
6u 	6u 	6u3 u uz, u3' defined in Chapter 1. Complicated as they 1 , 2' 3' 6e 6c3 6e l 
are, we are confident of their correctness, because they allow several 
independent checks**. o ar Theorem 1.1 is derived by eliminating the 
six latter variables from these conditions.*** The conditions are 
derived in sets of three, it appears to be possible to derive an infinite 
number of conditions of increasingly high order by taking the gradients 
of these integrals. 
*i.c., eight ratios of the type : 111 and the two independent 
proper numbers. 	 11 
**They satisfy the invariance conditions introduced in Chapter 1. 
Also badly directed manipulations of these conditions lead to identities, 
as discussed in the sub-section entitled Parenthesis. 
***This shows that the conditions in question enjoy a degree of 
independence. 
We indicate six further integrals which appear to be independent 
of the first ten. If indeed they are so, then elimination would show 
that the ratios of the abnormalities arc constant. We are forced to 
leave the verification of this to the computer. 
In the Appendix we give a proof that no new solutions exist in 
the special case when the ratios of the abnormalities are constant. 
To complete the proof that no new solutions exist we require a computer 
symbolic program to deliver the six indicated integrals in complete 
fAlm,* and then to show that the elimination is possible. 
In presenting this work we consider it important at the beginning 
to separate those conditions which are of geometrical origin, from those 
arising from the equilibriimiconditons. For one thing, solutions 
for the geometrical problem may be important in the study of deforma-
tions of aeolotropic materials. Also, while at first sight the 
equilibrium conditions appear to give two vector equations, it turns 
out that only one of these is independent of the geometrical conditions. 
Chapters 1 and 2 deal with the geometrical conditions; the 
equilibrium conditions are introduced in Chapter 3. The ten basic 
integrals are developed in Chapters 4, 5 and G. In a short section 
entitled Parenthesis we indicate various combinations that lead to 
identities. Summarizing our futile attempts to obtain any further 
integrals of the same order as the original ten, it recounts the various 
checks that have been made on the basic conditions. In Chapter 7 we 
------ The -two sets of three are obtained from each other by the 
ninety degree rotation of axes. 
6 
pi.ove the first main theorem by performing the elimination after 
altrcpriate numerical substitutions. This simplified version indicates 
the scope of the necessary general elimination process. In Chapter 8 
we prove the second main theorem. In Chapter 9 we indicate the addi-
tional integrals necessary to complete the prow'". The Appendix deals 
with the special case when the ratios of the abnormalities are constant. 
and 
C 	U1 1: 1-1 	o + 0`E 
	
11-1 2-2-2 	 ' 
.T 	2 . . 2  (1.3) 
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1. CatiliTRY or Isou IORIC DE1:01,N1AT IONS 
WITli CONSTANT PROPER 
A deformation is defined by the invertible mapping x = x0.9. 
Associated with the deformation arc the defornit.ion gradients P and 
f given by the double tensors* 
dx 
F= 	•-0eE +0eli +Get: 
dX 1-1-1 	2-2-2 	33-3 
- 	e 	— E 	+ ---E c 
-3-3 d; o -1-1 02 -2-2 o3 	), 1 
(1.2) 
and the right and left Cauchy-Green tensors 
1 	1 	1 
= f 	= c
1 c 1 	- 
c + 	e c 
4 --2  
+ 
c 2-;-2 2 ' 
o I 	02 	0
3 
(1.4) 
The ortho-normal. bases P A and ea point along the proper vectors of C 
2 	2  and c, and a ' 
' (3. a
2 
 and their reciprocals are the corresponding 2 	3 
proper numbers. They are considered to be constant and distinct. 
For an isochoric deformation we require that 
el 02 03 = 1 . 
	 (1.5) 
dx 
*The symbolism I = 1;- indicates that dx = UdX 
8 
The gradient of the vector field ec (x) referred to the basis 
ea  is written 
grad e c. y  ac e  -a-c b ' Yac = 0 ' Yac = Yab • 
The gradient of -Ec  (X) is given similarly by 
GRAD E = 	F 	 1' 	= °P 	r = - F• 	(1.7) 
AC AC AC 	AB 
Rather than the plums, we choose as the main vehicle for our 
analysis the functions n ab , which are the components of curl a,,, thus 
ab = - Cb  • curl c ' 
so that 
(1.8) curl e
1  u 11 c 
	w 12 S2 1 13 (33 ' ctc * * 
The functions 1 11' 1 22' 133 arc called abnormalities while the 
functions ah , a 71 b are given the generic title of curvatures. 
A corresponding set of pi functions is given by 
n AB = E B • curl Ii (1.9) 
*Throughout the work the appendage, etc.. 	indicate that 













n 31 132 133 Y3 7 
1 	
2 
Y 3 Y11 
Y13 3 21 - Y12 -J  
3 
1 2 
13 	31 - Y` Y2I (1.10) 
9 
`11: -: functions Tr 
al) 
and 	- lha  are related as follows: 
9V1 	
- 	
t 	 7Y3 
= ' 	
t 	
- '7  32 = 11 22 - 133 ' 	—21 	
W 
 33 11 2 2 
2/2 = r . + 1133 
 - I 
13 	22 	11 
Similar relations hold for the upper case variables. 
The condition curl grad F = 0 applied to the scalar field F, 
yields, by (1.8) the basic commutation formulae* 
6 2F 	6 I- 	(SF + 	6 F 	6F 
6.6 36e 2 6e 26e 3 - IT.11 de l 1r21 6e2 
IT 	,31 , tc. 
6F *We use the symbol — to denote the component e • grad F. 
6e
a 
6 2F  Then 	• grad (% • grad F), and so on. 
'ea 6eb 
10 
We indicate two symanetry conditions which must he satisfied by 
all Lhe general relations derived in the analysis. These conditions 
are thus extremely important as checks for the equations.* 
1. :i'hc rejl.ecti.on condition 
If the unit vector e 1  is changed to -c 1'  while e 2  and e3  are 
unaltered, the basis comprising the unit proper vectors of c and c-1  
changes from a right-handed to a left-handed system. However, c and 
c -1 are unaltered. The operator curl changes to minus curl. From 
(1.18) we obtain the following transformation 
e-40-e c -0-e 	k 	_ 1 	1 ' 	2 ' 	-3 	-3 ' 11 11 
* 	 * 	 * 
'22-4" - / 22 ' 	/33-41-1 33 ' 	11 23-4.--/ 23 ' 	 ' 
71* 	 Tt* 	Tr 	 etc. 	(1.12) 12 12 ° 	21 21 '13-4.-11 13 ' 	R31-.-131 ' 
The general conditions derived must allow this transformation. 
*The conditions do not apply to particular solutions. For 
example, in the Appendix we derive a condition 
23 	 31 12 
Tr 11) (733 an - 22) (711 an m 33) (22 a 32 = 0 . 	
(A.22) 
We may say that one of the factors is zero, but not that all three are 
zero, even though the other two follow from the first by applying the 
rotation condition. 
11 
2, 	rotation condition 
The deformation tensors c and c --1 are unaltered if one rotates 
the axes ninety degrees about c 3 , for example, and interchanges e l and 
o 2  . The general conditions must be invariant under the transformation '2 
e2 e1-Awe ti 	 11 1 , 	 1. 
, 
"22 -"-11 11 ' 	"33 	.)3 ' 	 ° fi 21 	-412 ' 
11 32-' 11 3 1 • 
„* 
31-4" 7 32 	3' 723 ' 
* 2 	 * 2 	2 * 2  2 oi Z, 
	ul ".." (51 ' 	
0
3 	0 3 etc. 	 (1.13) 
These relations are easily derivable from (1.8). 
The deformation tensors C and c are metric tensors in Euclidean 
spaces. The Riemann curvature tensor calculated with C or c as metric 
must vanish. We obtain these conditions by a direct means first sug-
gested by Yin. 
It follows from (1.1) that the bases ea  and 1:41  are related through 
he deformat ion by* 
e • dx = c • 1, dX = E • dX . 	 (1.14) -a 	- -a - 	a -a 
When (1.5) holds, for (1.14) to be integrable one must have 






6II ab 	(51Iab 	
o c 	Saab 
dIT - uc 6cc a - (3,_ 	0 c 
(1.16) 
Since the bases e and EA  are each embedded in Euclidean spaces –a 	– 
	
the curvature tensors based on the connections y bc 	A and r
13 C must vanish. a 
This 
(s 	a _ 6 	a ,a e _ a c 




bc Y  cb 
Y  ed 0 (1.17) 
A 	6 ,,A 	6 A 	A r 	A „E 
0.31) 3ir 617c. BD - 6EB CD 'CE BD - I BE CD 
A (1.18) 
The conditions (1.17) and (1.18) may be expressed in terms of 
cr ab and EM  by (1.10). The condition in 
transformed through (1.15) and (1.16) in 
volving HAB and TE--- is then 




6 7 ab 	 2 
involving it ab' — and ol2 • 02 
2 , u 3 . The method is presented 6ec 
13 
fully in (1975 	p. 117, 118).* 
There are nine independent conditions represented by each of 
(1.17) and (1.18). These occur in three sets of cyclic conditions 
a specimen of each set being given by 











= 1 (1.21) 
and note the identities 
*In (1975 [1]) the curvatures were immediately expressed as 
gradient functions in accordance with the equilibrilm conditions. This 
obscures the purely geometrical origin of many of the relations. Also in 
(1975 [1]) the condition (1.33) was not derived as a geometrical condi-
tion from (1.17) and (1.18). It happens, as will be seen, that this 
same condition also follows from the equilibrium conditions. In (1975 
11)) it was obtained as a consequence of the equilibrium conditions. 
Here we indicate the geometrical origin of the conditions first to 
exhibit the geometrical problem as a separate problem and then to 
indicate the essential weakness of the equilibrium conditions. 
14 
01 12  a23 '131  





etc. 	 (1.23) 
From 1975 [II equations (2.5) and (2.6), we have, corresponding 




6e 3 1 21 " .11 2 1 	0: 
+ 	etc. 	 (1.24)
32 n 32 23 '321 ' 
whcre 
r 	_ 11. 11 11 22 	"12 11 2 27 3 3
' 
 3 "31 2 	1 a 32 	"12"21 11 2 Tr. '321 2 32 —2 	4 a 32 11 4 a 31 11 31a 23 22 
1 "13. Ti 2 
4 u 32 33 ' e
tc' . (1.25) 
and 
2 	"13 
r' 	 . ei "31 
	11 31 * n131 , a23 00-0. 3 	(1.26) 
where* 
7 11 1T 33 	"13 /T 227 33 	3 a21 2 	1 713 "13 a32 	2 
1 231 12 	a 23 	2 4 a23 Ti ll 4 0, 12 a23 	um 733 
" 1. 	12 	2 
f 2T5 7 22 
, t " (1.27) 
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The conditions (1.26), (1.27) are dual to (1.24), (1.25) in that one set 
may be obtained from the other by applying the rotation condition (1.13). 
From 1975 [1], equation (2.13), we have, corresponding to 
r2321 = 0 and 8232-1 = 0, 
a
23 (6 
6 	-  





The set of three equations (1.28) transforms into itself under the 
*To reconcile the forms (1.25) and (1.27) to 1975 [1] equations 





3 	a 32 	(112(1 21 




2 - 13 "13 	32 








rJtation condition (1.13). 
We now introduce 
def 6 




so that by (1.28) 
6 
6e 2 1 
a
23 
R 	 11 	etc . 3 11 a21 1 ' 
(1.30) 
We note that under the rotation condition transformation (1.13), the 
variables ua transform as follows 





u2 , 	3 	a 	. 13 	 32 	 21
23 
1 (1.31) 
The second condition obtained from 1 0 and 8321 0, 
obtained from 1975 (1) equation (2.14) and (1.30), is 
a 
a 	 1 13 
1 
t 4e 33 g 
, 
23 	- 1 221 13 1 21 61 23 	132' 	2 	, etc 
a l2 
(1.32) 
Transforming (1.32) by (1.13) and (1.31), and using (1.22) we obtain 
the dual set 
1 a 32 
1/13 	7/ 1111 23 	1/ 12 (11 13 + 1131i - 3-1 u3 ' etc ' 
(1.33) 
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W have the three conditions div curl e - 0, so that, by (1,3), 
61T 
11  + 













5  , ,,.  0 , Ph.% 
3 
(1.34) 
and from (1.6) and (1.10) 
div e l
71 23 - 11 32 , etc. 	 (1.35) 
We verify that (1.33) is indeed a geometrical condition 
corresponding to r 312 = 0. From (1.7), (1.10) and (1.17) we have for 
...1 	0 
II 
1 6 (-11 	+ 	- 11 	- 	 - TT 	) 
't7e
3 
 13 - 	
1 11 22 
" 12 (" 31 4. ir 13) 	ff 22Tr /3 	(' • 
	 (1.36) 
	
Subs ti Luting for 6ei  --
6 	




Ti _ from (1.31) , (1.29) and (1.30) 
6 respectively, using (1.32) for (5—e - r 12 and using the expressions (1.35) 2 
we regain the condition (1.33). 
nine independent conditions implied by (1.17) include the 
three conditions (1.34). The conditions (1.5), (1.15) and (1.16) mean 
that condition DIV CM lin = 0, computed for the images of the proper 
nu hers before deformsgtiou„implics div curl e. = 0. We thus get fifteen 
- 	• • 	- rather than eighteen compatibility  conditions for the deformation. This 
was noted by Yin. These conditions are the sets (1.24), (1.26), (1.28), 
(1.52) and (1.33) I 0 /1 O. 
. 	• / 
or 
+ 27 11 
 div 1 	
0 , etc., 6c 1 
(2.2) 11 
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2. GaIME'IRY OF ISOC1fORIC 111'.101:1\tATIONS 
WITH CONSTANT PROPER NUMBERS. 
1111ZEF. SNIALL "nii:oREms. 
F1 iminating u3 from the sets (1. 32) and (1. 33) we obtain 
, 	+ 	 + 	11 	- 	 - 	(7 	- Tf ) =-• 0, etc . (2.1) CC 2 12 1:1 12 31 1..) 21 11 23 32 
From (1.34) and (2.1) using (1.35) we get 
div (71/2  ea ) 	0 , etc . 11 
One has 




 = -1-71 curl p 
11 
By (1.15) and (1.16) an analogous theorem holds for the unit 
proper vectors Sy 
We now note that 
div e 1---1  ) = div e 
	
7 13.e 2 	7 l2 3 , etc • 
	 (2.3) 
19 
and that the three conditions (2.1) express 
e4  • curl div(e1 c1 ) 	0 , etc. 	 (2.4) 
We have 
VtoorLm 2.2. Tha condition (2.4) is a geometrical result for ieochoric 
deformations with constant, distinct proper numbers. 
The significance of Theorem 2.2 is that it tells us that the 
equilibrium conditions to he considered in the next section give only 
three: cyclic scalar conditions, rather than six as they appear to do 
at first sight. It emphasizes the ultimate weakness of the equilibrium 
conditions. 
FTOM (1.29), (1.30) and (2.2) 1 we have for non-vanishing 
abnormalities 
	
u3 	al2 u3 - 2 div e 
(ff22 (113 u33 	—1 
1/2 - r —IS— 	





log 4/1 2 - div el • 
1 
(2.5) 
From (1.35) and (2.S) there follows: 
20 
Theop,N, 2.3. For iJochoric doformations with c.)ril,int distinct proper 
numbers, and for which lil.: abnommlities of the vector 
fiel2a of e
a 
















4 div —2 
 
       
- 4 div 	+ e A3u2 e3 3 1111 7r22 






de f + 	12 TT 	, t, 	. (2.7) 1 33 al3 " 
3. INTRODUCTION OF 1I EE EQUILIBRIIN CONDITIONS 
When the proper numbers o2, 2  o
2
'  o, 
2 of c -1 are constant, the 1  
equilibrium conditions for the incompressible perfectly elastic 
mterial reduce to 
21 
curl div c = 0 , 
and 
curl div c = 0 . 
For distinct proper mmlbers these conditions require that 
curl div (c l e f ) = 0 , 	curl div (c 2e 2) = 0 , 
curl div (e,e_ 
whore 




It follows from (3.2) and (3.3) that 
(div c 	
71132 





0 1 + 0 2 4- 0 3 = constant . 
The cohdition (3.4) 2 of course follows from (1.35). 
22 
Taking the curl of (3.4) 1 we obtain two independent conditions 
6e-- 71 13 	6e2 
div e l 	1T 13 (27 23 - 7 32 ) * 7 127 33 , etc., 1 




2 , etc. 	(3.5) 
Equations (3.5) are dual, in that they can be derived from each other 
through the rotation condition (1.13). 
It, is important to note that the self-dual set of conditions 
(2.1), which are consequences of the geometrical conditions only can 
be obt;Aved from the conditons (3.5). Thus, the equilibrium conditions 
leally only give one set of scalar equations that are independent of 
the geometrical conditions. This is evident also from equations 
(2.4) and (3.2). 
We now introduce the subsidiary variables 
clef 
re--- dive3 	11 31 	e 	etc., 
def 6 
div e - 71 21 div e 2 , 	etc. 	 (3.6) Y1 	oc 3 	2 
Under the rotation condition transformtion (1.13) these variables xa 
 and ya trans fonn as follows 
* 	* 
, 	x2 , 	x2-4-y1 , 	Y2—"xl 
* 	* 
	
y 3 , 	x3 	 (3.7) 
From (3.5) we obtain the dual sets of conditions 
 1113 	Y3 - 7 137 23 	7127 33 ' 
	etc., 
n 	= - 	+ 	- 	-ff 
12 x2 127 32 la 22 ' etc. 
We remember that (3.8) and (3.9) do imply the use of tHe 
condition. 
From (1.35) and (3.8) 1 
5 	6 	_ 
6e2 21 	-602 - 7 1' 	602 "" 23 - Y1 - 7 2 7 31 + 2 
whence, by (3.6) and (1.35) 
6 
Ze
2- 1112 = x l 4- Y 1 - 7 121T 31 	723711 
so that by (1.32), we obtain the self dual set of condit 
xl 	YI 	71 11 (7 23 	
14
32) - 71 12 (71 31 	1113) 
"32 = 0 
-11
1311 21 	2a/1 u3 
From (1.29), (1.30) and (3.4) we obtain 
; rVA imr.W.111, 
u1 	6 	1/2 - 0 3) , etc., 2a 33 




1 aid, = 6 
13 '1 33 	& 	(lag 
 17133 2 - 0 ) 1 
3 	t • 	 (3.13) 
a 
while by (2.2) 1 and (3. 4) 
(log 11/1 2 - 0 1) = -2 div e l , 
de 
f-tC. (3.14) 
From (1.11) one has 
e 2 k,01 	c'2 	//11 	°1 1 
A- 2 1/2 [log 
 
[ 	
6 	a ., 	6 






s' that from (3.12), (3.13) and (3.14), 
6 	
d .v e l) - 6 
	(1E1 23 U1  ) i 	 c7-- 2:--r 
2 - 1 21 	11 
"2 
a
23  U 1  + r 	, 
	
= - 211 13 dive  .1 	11 23 
 an 21111 	33 211 11  
'which, using (1.35) and (3.6) 2 , reduces to 
a
23 (SU1 	- 	v - ( 3;1 73 - 2.° — Ae— 11' 3 21 	1  
41 23 




SAT - Te62 11°g 71331/2 - 0 3 3 2 26°3 I,  
6_ 
	
 i 	.1_ 11 	6 
[ 
6 	1/2 :-- 




21 de 2 	31 633 
>> 
and (1.35), (3.12), (3.13), (3.14) and (3.6)'` , one obtains, 
6u 	 a 121  
60
3 
	7133x1  33x1	(3721 	27r 12 )u1 	Tfll a--13 u3 • etc. 
(3.16) 
The conditions (3.16) may otherwise he obtained from (3.14) by applying 
the rotation transformations (1.13), (1.31) and (3.7). 






3 2 e de3 	
rlog  rll 	0 1 
 
[ 	6




1 31 	e - IT U - 
ih 1 similar manner one obtains the set 
a23 6u1 	6u223 -4n-  dive + (1 	- 211 ) 	u 
a21 c 3 u e2 	11 	-1 	21 12 a21 1 
25 
+ (7 31 - 211 13) u2 , e Vic. (3.17) 
26 
	
du 1 	du 
'2 
Eliminating the gradients 	and 	from (3.17) by means of 
'3 
(3.15) and (3.16), and using (1.22), we get the integrals 
.73 "23 	" n x + 232,  	---y1 u 	u 	- a31 22 2 u1 (L'l 1 31 2 "21 33 1  
. 2u 11 div e 1 = 0 , etc. 	 (3.18) 
We may now solve (3.11) and (3.18) to give the xa and ya in 
terms of uu . One obtains 
1 ( "23 (132'1 2  
P lx1 2 an 21u1 7T 31u2 ama31 7 2211 3 
32 
a 31 "22 1- 1 	"11 
div  •1 
( , 
1 	a.. 	u .1 , + 71 31112 PlY1 	
,. 







33 fi - 	div c l ,Il (3.19) 
*The conditions (3.18) are the statement that the curl of the 
left hand side (2.6) vanishes. In the subsequent analysis we shall 
take directional derivatives of (3.18). We must avoid the identity 
represented by div curl = 0. 
27 
where 
dcf "32 	"23 	a 23 	e 12 
P — 	Tr lex U
31 	
a 21 33 an 33 a 13 1722 ) 









of ua and ab through (1.24) to (1.27). For reasons of economy of space 
such substitutions will be delayed until later in the analysis. 
Making the appropriate substitutions for the gradient terms we obtain* 
2 
28 
4. 'ME GrADIENTS OF 	, v a 'a 
The twenty-seven relations riven by the sets (1.24) , (1.26), 
(1.29), (1.30), (1.32), (1.33), (2.2), (3.8) and (3.9) give the three 
components of the gradients of the nine functions n ab in terms of the 






 give the six gradients -&-; , , , T - , 	e in terms of 
1 	2 	s 3 1 2 
th 	variables. 
In this chapter we develop eighteen relations giving the three 
components of the gradients of the six functions xy in terms of a aOu 1 	du2  dui the variables 7ab' xa , ya , ua and the three gradients, 	, , w;— 
2 3 	1 
It is apparent that no immediate expressions for these three gradients 
are available. We shall thus include them as additional variables, 
to be eliminated subsequently. 





= 6e - 1123 	de 	'17 lf 23 - 71 212 1 33 ) 1 1 2 	1 
6e,60I 112 .  + 211 
	
6 
- TT 13 6e 	23 	723 6 -0-2; 1 Ce,
• 	
: 1 ' r 13 




6x3 	sz 	 al/ 	
a12 
6e 26e1 1123 + 211" 	TT 	3 	3 	al2 
23 + 7[ 23 (y x ) - 
7T 
1) 1 a 13 	- 1 	
11 21u 3  
+ 7
3
112 ^ (Tr 13 + 	) + 123(27i12 + r 21 ) - 1T 21 n32 	, I etc. (4.1) 
From (3.6) 2 and (1.35), one has 
5 Y7 	6 2 
60 160 2 (1'23 - 732 ) - (Sc(- (11 31123 	
11 13 1132) • 1 	 1 
Conumiting the first term by (1.11), substituting for the gradients and 
reducing we obtain 
6y3 	6 2 
) 	n . 
6e1 	e 2Se1 (1'23 - 732- - 
2  13 de. 	23 - 11 32 ) + (11 32 - 23)y3 1 
- n33x2 , etc. 
	 (4.2) 
A check on (4.1) and (4.2) is obtained as follows. If they are added 
6 we obtain an expression for -6-6-- (x3 + y3), which may be verified by 
1 
taking the appropriate gradient of (3.10). 
From (3.6) 1 and (1.35) one has 
6x3 	6 
2 	t 	 r 
60 2  - 6e 6e 1 - 7r 13' 	6 
6 
e 2 °I 2 "2 1 - 
31 - 	2 311 1 	. 
Conouting the first term by (1.11), substituting for the gradients and 
reducing, we obtain 
30 
2 
de 1 de 2 ' 31 






) - (y31 - 2113)x3 31  
	
+ '33n. 	etc. 
	 (4 . 3) 
From (3.8) one has 
6 Y3 	62 	6 ( 
6e. 1 13 + 6e 2 ‘3131123 	T1 12733) 
- 2 2 1 
wIdch similarly leads to 






+ 	23 de- 
+ 13 	 x) - 7 12 1 
32 
C 	a 3u3 	133 f u ll1 (a 23 	112) 	ill 
31 
7
121 311 , 	
etc. 	 (4.4) 
A check on (4.3) and (4.4) is obtained by taking the appropriate gradient 
of (3.10). 
Again from (3.6) we have 
x 
2 	2 
BSc 5c 2 6c 6c 2 	2 3 
6  div c 	
60 
	'3 







Applying the commutation formula (1.11) , expanding, using (3.6) to 






 cie? '11 div d 	c 1 e l 
(div c1 ) 2  + div e x, 2 
6 y3 6 
-6-cc 
6 
----- x Zo 3 	6c 	1 	1)  
- A 	 7 
1. 
	fl 	..!L I. 	2.) 
div e3 .1  y, , 	etc. 
	 (4.5) 
We note that by eliminating 6 
	
between (2.1) and (3.10) 
2 




Y 	x1 ) 	721713 - 7 117
32 ' etc. 	 (4.6) 
This result also follows directly from (1.33) and (3.11). From (3.8) 
and (4.6) we have 
de l 
6 
A, 	- 	 n Ll 13 11 1132 
Applying (1.11), expanding and eliminating 
6  and 	 Il l , by (3.8), (4.6), (3.10) and (4 uel 41 
6 	6 
1 7 13' 6c_ 713' 6c3 723 
.6) again, respectively, we 
obtain 
6Y3 + 6c  (y1  + x1  ) = - div el (yl xi






733 [-tC 712  
32 
	
div e1 	1122  1- 60 2 n13 713 div [  
1112 div e 3 	etc. 	
(4.7) 
- 	(Tr 31 
+ 	21 
+ 71 13)x 2 





13 al 23 
11 13 
2 4. it 20)73 	241 12  1T13111 
2 
+ IT - 	 + Zir 	iT 	(TT 	+ 11 	) )3 12 	12' 32 13 31 
32 
Taking the directional 
	
611 11 	6712 and eliminating, , 
- 1 1  
derivative of (3.11) with respect to f1 
67
31 
'Sit ?,-To-- -1--- atid -i;-1- by (2.2), (3.9), 
° 1 
(3.8), (1.32) and (1.33) respectively, we obtain 
1 "32 "3 	 2 + x. ) . 	— — 	- - 	+ 	- 2 	w32)31 	U 31 A! 1 1 
- 2713123(712 + TI 21 ) , etc. 
	 (4.8) 
Eliminating 	(y1 + xl ) between (4.7) and (4.8) and replacing 
1 
+ x1  in (4.7) by the expression (3.11) we obtain, using (1.35) 1 	1 
6)7 3 	1 '1 32 611 3 	6 
6e3 6( 3-1 	[oe 	23 - 1T 23°23 
+ r 
6--1;; "13 + 11 131 311 - 7,, 	lf 	TT 	. 	OT 31 + Tr 13 ) 3.) 6e, 12 12TT  21 





" 13"1 	-fcT- "12'12 	32 ( 23 - 1T32)u3 1.2 23 31 
- Tr 	[(Tr 	
+ if 
	) (Tr 	+ Tr 	) - 2,41 	Tr 	+ 	Tr 	+ 	) 
12 13 31 23 32 13 2.) 13 21 23 32 • 
etc. 	 (4.9) 
33 
From (4.5) and (4.9) we now have, using (1.35), 
6x7, 	1 .. c"37 6113 	6 4.7 	ir 	
- ff ( 6e2 2; am del 11 Te-i- "32 32 1T 	- 7 23 32)] 
+ IT 	W 	+ 
22 
[






6e3 1112 + 7127211 	+ 21113
x 2  - ('t 12 	712)Y3 	2312 713u1 
a 
a 21 	32 , 
7 12 2 	 2 	 23 	732) - 	IT U 7- U121 - 7 	- 'a1 (u 13 + 	) .a27, . 
- 271-1311 23 1 
	
71. 1371 21 (T1 23 4. 71.32) , 	°I'°* 
	 (4.10) 
The six sets of conditions, taken in pairs (4.1) and (4.4), (4.2) 
and (4.3), (4.9) and (4.10), give the eighteen gradient components of x a 
and ya. We have obtained these conditions independently by direct 
computation. The rotation condition serves a check. By applying the 
transformation given by (1.13) , (1.31) and (3.7) to (4.1) , (4.2) and 
(4.9) we obtain (4.4), (4.3) and (4.10) as their respective duals. 
5. DI RIVATION OF INI1MALS 1 
34 
c expressions (3.15) 
6u, 
etc., and, etc., 0e3 
'e deeply entrenched. 
It appears that while the 
and (3.16) are available for the 
6u1 the third set of gradients — , 
6c 2 
If one looks at (1.29) or (1.30) 
relatively simpl 
du
1 gradients e-- 
1 
etc. is much moi 
one sees that the first two sets appear 
a; second order mixed gradients of 
du
1 1 	
621111 uepend on terms such as 
,)e 2 
,the abnormalities, while the gradients 
Our purpose now is to generate expres-
For purposes of reference we use the 
6e2-' Su 	2 
sions for the gradients T„--1 , etc. 
'2 
) 
term integral to mean a polynomial relation among the eighteen variables 
61i 	6u 	du 
nab' xa' ya' 	 eieuand the three gradients ' e ' de1 
3 . a 6 
Substituting directly the expressions from the sets (4.8) , (4.9) 





1 a21 2	2 	1 a32 15u3 	1 a13 
6u
1 
(37: 3 2 a31 	12 	2 bet Te— 21 32x1 	272331 1 4. (71 31 	w13)(




) (y - X ) 	0731 	11 13 . 
r 






1 a32 • 	 2 	2 	(.2 1 - ".2 
3' (T721 7T32)u3 	277 	 ) z.1$ 77 3/' 7T22'"31 a31 ' 
2 A 
+ 
t 2 	 n 	ln 	+ 7 ) 
71 3 	- 1721' 	131 - 12 (- 23 32 
35 
'13 n32 (211 21 - 7 12 ) + 7 23 °1 E'; + 721) 	- 0 . 	(5.1) 
in ( 7. .1) we write 
(7 31 4- 7 13)(3'2 - x2 ) 1.= - 21111x 2 	31Y2 I. (
• 7
13 - 7 31 )(Y2 + x
• 
2 )  
(712 + 121 ) (Y3- x3) --2 - 21'2 ' 	'' 2n 12Y3 + (• n 21 - 11 12)(Y3 '4' x3 ) t 
and substitute for y2 + x2 and y3 + x3 from the system (3.11). We obtain 
the symmetric relation 
[ 
a 32 	6113 4. 
a31 	6e1 I 	
a13 [611 1 
 (1123 - /1 32)u3 + a12 	del 	
( 
4- '7 31 	n 13)ul 
 
 





(ff 12 - n)u, 
- 4 (7 32x 1 	723Y1 ) 	(113x2 - 7 31y? ) 	(721 	- / 12Y3) 
- 4  711(7232 	T 	 " 	. ) 2 - 22 13 31 	
2
1 - n12 )1 2'
N 
+ 	 - 
1 2 , 
=0. 	 (5.2) 
This symmetrical relation is invariant under the rotation given by 
(1.13), (1.31) and (3.7). 
A second integral can be obtained as follows. From (3.8), 
(1.29), (1.30), (2.2), (3.15) and (3.16) we take the directional 
36 





21 	(5Y _ 7	(t21. 	 a-. 
1 
3 a13 2 , y 	8 
0. 23 




2. 3 c'23 '12 11'
v 
(1 12 3 	2 ---- u1 • 272u 1 
- 	- 7 22 (311 13 + 211 31 ) + 3119 1 (11 23 4 '1 32 / + 211 3211 12 ul 
1 [ 
'112 
- (311 23 - 27132 ) 	471 33x 1 	(311 21 	211 12)u1 • 4 "7---13 111u31 
a21 	 6u, 
211 33 (71 12 	1T 21 )u2 	71 33 6e 3 • 
(5.3) 
Similarly taking the directional derivative of (3.16) with respect to 
e l we obtain 
62ul t5x1 4 12 u x - 87 
-615776T- = - 4r 
1 3 	33 -66 1 	3 1 	32 33 1 	
3 "13 2 
a13 J 11 	- - 
1.1 	2x u 
1 12 1 2 1 
+ [ 71 22 (371 31 + 217 13) - 371 23°12 	71 
	- 27327121  u1 
21 	 a,3 + (31121 - 27112  ) 	- 41c11' v 3  - (3ir 23 - 271 .72 	u - v u 0, 23 	 3  ct 21 1 	33 2 
] al2 	 6 
4 a-- 13 	- ' fi ll (11 23 - 71 32 ) u3 	71 11 -6-e- • 
(5.4) 
a 







u 1 1 (1 21 
3  (Se3 ' 6e1 - (123 7 12 - 47113'3 - (37 23 - 27 3_ 
  
(1 23 a-- U1  - 733u2 21 
 
   
ou
1 
722 1e 2- 
[
+ 
Tr32 - 4ir33x1 + (3'21 - 2712)u1 
+‘ 
1 2 
a 	11U  3 (5. 5) 
From (5.3), (5.4) and (5.5) we now obtain 
a 	 6ti, 6x






a23 11 003 an 11 Sc( t 22 6e 2 	a23 33 
(121 	(112 	 . + 2(x2 	+ 4 #07--, uly x - 4 wiji- u3x 1 
23 
	
722'731 - 13)u  i 
a21 	 a12 + 	r (w 	w_l)u_ + 	(w 	- w )w u 	4(3w 	n lw x 33 14 an 23 32 11 3 23 32' 33- 1 a23 
- 4 -all (37 	7 tc. 	 (5.6) 
an 	21 1 11 3 = 0 	e ' 
6x 1 	
6y3 




substituting for 1- 723 , -.6k u32 , Z-2- 1113  and csk 712 from (1.24), 
(1.25), (1.26) and (1.27), we obtain the integral 
38 
	
.571_ _21 out  4. 3 	"12 6u3 	611 1 
a 67J- - 722  7:7- 2(x
2 - ydui - 	u x 
4 '12 
",3 '3 	13 '1 	
de, al3 3 1 
"1 	 21 + 4 -- u y - 47 ett + 37 )x + 4 -- 	+ TT )x 
23 
2 3 	33 32 	23 1 	 11 31 	13 2 "23 
"21 	( 
411 33 (7 31 + 713)Y - 4 — TT Cri 	+ 2











. - 7 . 7 	+ 	Gr 	-7 	
u u32 11 13 22' 31 13 ) 1 
21 










7 32) - 	at - 33732 	ti 
2 "32 
11 
31 	 3 
+ 47- 	1 	+ n 	Tr 	+ r 	- [ 2 712 33 Tr 
	(7 31 32 	23)(  12 21 ) 273 
t, 	2 	2 	A  
o 7I + 33 21 
a
21 














 33 12 
2 








71 22 a 11 13 
"21 	2 	2 
—u23 711 1'23 
4 ["12 2 
- 	
"13 	 "21 2 
TT 	TI TT 	Tr TT ,7 	— a
32 3
3 33 11 	33 	
+ 





a 21 " 12` 21_ "31"13 	11 2 1 + 7111/33 ix 13 "23(1 32 	"231132 11 
?, 
- 4 	 2 TT Lt 23 ' 11" 227 13 	47 227 
39 
n 31 
+4 [ "23 - — 




.4 1111 2 	22 .) 
" 21" 21 	 _ 
a (1,31 it 11 n 33 "1311 31 2  
a 	a 13 
71
3 
 4" 	 4 
12 3 33 
a23 
TT-. 	 41 	7T - 
Zt a 32 33 11 22 33 
[a23 	
_ta 
2 "12 	1.) 31 	2 ,[a 32 	"13 	a 12a 21 	2 
"21 a 32 "21 '1 32 22",33 31 a31"23 11331122 
3(
"21 
 a23 X 22 
a 31 
2 a-2 7 33) '1 11 
"21 	a31 3 	a l2 + 	11' +  
a 23 11 a 12 "21 11 ------- 7 2 1 + 41'11 4 227 33 
" 	a- 	a a 	 ' 	" 21 .52 13 31 7 7 2 	12 ? 31 	"3 (1 223 	2 - 2 
23 "12 	"12"23 	22.11 "21 "13'121 
111T22  
_ 3 (13 	"23 
"12 7117122  " 21  
23 	a 	a 32 13 21 
12 31 - 12 - 31 
2 ¶ 33 - 2 	11 11 	
_ 











} 0 , 	(7. te . (5.7) 
40 
If one applies the rotation transformation given by (1.13), 
(1.31) and (3.7) to the condition (5.7) one regains the same condition. 
A second check on (5.7) and the relations leading to it is as 
follows. If one writes (5.7) as 
6u 3 	611 1 
- 
	





+a23 '11 33 4-67 
+`' 13 = (5.8) 
and eliminates the expression 
"12 	ó113 	(Sul + "21 	6112 
71 11 	- IT 22 6e2 a 2 3 n 33 6e 3 
between (5.8) and the condition obtained by permuting the indices 
forward once, one obtains by (1.22) 
4 1I CY3  +4 6e3 	a C 2- 
"32 (S Y] 
"31 (S e l 
ct 23 61 






Since the conditions (5.8) are cyclic, the conditions (5.9) can represent 
6y3 6x2 
at most only two independent conditions. If one eliminates --- --- 6e3 de2 
from (5.9) by means of (4.5) one obtains the same condition as that 
obtained by taking the directional derivative with respect to e l of the 
41 
presented member of the set (3.18). This latter condition is only 
equivalent to two conditions because the three conditons (3.18) are 
the components of the curl of the vector given by (2.6) so that the 
divergence must. vanish. 
42 
6. DEMI/snag OF IN- rt:GRALS. 
* 
Consider the member of the set (3.18) 
"12 	 2'1 2 n 7 	u + N U + 2 --- 7 	 x 	7i  1,) (x 13 3 23 I 	a23 
1 67
1 —
22-3 + 2 33 div e = 0 . (6.1) 13  
'o:e take the directional derivative of (6.1) with respect to el using 
(1.35), (3.8), (2.2), (1.29), (1.30) and (3.6). We obtain 
(Y 3 - 'tT 1323 + 71 1f 33 
a l2 
13 




23 	+'r 23 a 13 6v ] Se 1 	6e 1 
21i 	v ) 
	
11: 3 	2 
a
12 1 	




22'3 	113 3 3 
+ 47 33 div 9 3) 
(12 
an u3 	div 	
271 2 y





+ 2 21 	dy3 
a23 11 
"12 	'51(3 
a13 X 22 del 
= 0 • 	 (6.2) 
a
21 Eliminating the term E- nllY3 5a12  7---71 '2x3 from (6.2) by means of (6.1) 23 	13 " 
we obtain 




-1 - 2x 4 n IT 	+ IT , (5n 	- 4n ) --- u + -.. --- u 	+ 2n 2 u '3 	3 	13 23 .33 12 21 	"13 3 	6e 1  23 23 1 
a 
2 A 	 "1,1 	A; 
	
' '33)7 2 + 4 67-23 	




6x3 "12 6u3 _ 
a 23 11 6-.6 1 	E 13 1'22 6e 1 	1. 13 , 13 
0 a
1 + Tr 	-- 
23 &el 
0 , etc. (6.3) 
Taking the directional derivative of (6.1) with respect to e 2 
in a similar manner we get 
x3 
	 11137 23 + 11 33 (1°12 - 57'2 11 1  









2 div e 3  [2n 	+ Sm ] 33 	3 	13 31 
a21 
	6u, (Sx., 6 Y3 	(112 	•) 7T — 22 i5e 2 + 4 irt-
-23 




23 6e 2 
	, etc. 	 (6.4) 
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The conditions (6.3) and (6.4) have yet to be expressed 
explicitly in terms of the variables nab , xa , ya , ua and the three 
6u 	6u 	6u, 
F 	--1 , --1 , -,
01
--- . 
Set 	 ..6 6e.., 
6u 
and (6.4) by substitution from (3.15) and 
6 	6 eliminate the gradients n 23 and 	- 7 13 by the  Se '1 2 
6x3 6y3 6x3 and 
(VI 
To eliminate --- 	 u	we use 6e ' 1 	de ' 6ee2 	de2 
In making this substitution expressions for 
6 	6 	 6 
de 1723' We— 432' 6e6 7 31' de 713713 are obtained directly from (1.24) 1 1 2 
to (1.27). Expressions for the second order mixed derivatives in 
(4.1) to (4.4) are naturally more convlicated, but they are all 
The gradients 6e 




are readily eliminated from (6.3) 
(3.16). Likewise, we 
relations (1.24) 
to (1.27). (4.1), (4.2), 




by taking the appropriate gradients of the relations (1.24) 
2 
We illustrate by considering 17;--1--6-- n 23 occurring in the 
u'2 1 6x, 
(4.1) for 17:1 . We have 
9e 1 
	
2 	 a32 6 6 	 6 	 6 
7-i-,Te— "23 	- --- 	 + 	'IT 23 Ze 23 	a12 21 de - 12 - 12 (1e-2- - 21 1 
.c)ri 1 2 3 6u 11 	3r) 123  6n 22 
an 11 6e 2 3n 22 de 2 
3 ' 1 123 '5"u 33 
3n 33 FC- 2 ' 
(6.5) 
67 	67 	67 
where --§--- 	6 	 are given 6e 2 ' 23 ' 7 
6 
12' 	2 7 	
11 22 33 
21 ' 2 	'2 ' 67-2 2  
rcspectively by (3.9), (1.32), (3.8), (1.29), (2.2) and (1.30), 
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12 -22 	a12 - 11 
(6.6) 
a ' i123 	 1 a32 	
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After a somewhat tedious but straight-forward calculation we obtain 
from (6.3) and (6.4) respectively the two sets of integrals 
11 12 	ail 21 	f7,„ 
1113 
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_ 	3 	12, 4. 
t  32 ,...1 	L 
1 2- ,-i---- 	ct- ,M. 	'ff 22 13 ,A A13 
47 
+ 
a 	 a l2 2 a , 	
33 
I 4. 31 
1T 	-  a 12 
11 11 	- 11 	+ 	7T 11 22
71 
 33 	a13 
r 33 
a13 1 2:5 32 	2 
a „a 
, " 3? "23 
[ c'12 	ct31 2 „. (1 12 	a32"23) 2 + 
- - 722 — 7 11 	a 	a i-x --- /T 22 
j 13 1112 	13 21 13 
+ 3 
a 13 u2 
(1 	33 12 '' 
2 ai IT 	211 
C11 2
32 Il 
1 1 22 22TT 331 u13 
u21 11 	1 ( u31 	la21) 2 
a23 11 2- a/ 13 1T11 2  
a 	_13 
2 
 + 3 (1  _3132 2 4 	IT  "12- ( 0. 21a13 22 
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0 , eta. 	 (6.9) 
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2y3) u1 12 
c i i 51 22 (311. 31 	21T 13) x 3 
4- 2 ( a. -21 	+ a 1 2- 	27r 	CI 	 •Ir 
3 " 21 "23 11 	a 13 22 	13' 21"2 
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( a 1 2 7 v +
21. 33 
7


















33 21 	"12 )  
“21)2 
"23 
+ 121 2 
-2-3.  
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• a13 a 	22'4 	33 - 
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a
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0113 
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13 - if 31' 
IT 	 1T 	W ci.12 
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A "12 	 7 2 r  
Ft-- 7227 337 317r 21 	-71 33` 13 + 51T 31 ) (71 21 - IT 12 ) 13 
a 21 
2u 	(Tr 	Tr 	Tr ) 11 33 - 13 21 31 12 - "23  
t  + 	(112  11  [ (132 - 
1 a




23 + 1 (1 31 (1 13 	2 — 
a 	2 13 22 	a. 1 	-2- a 23 
"22 . I a-21 	2 
	
x21(132 33 




- Tr , 	.-2 '31 u 	] 11 211 33 	..)3
11 
 11 	a l 11
IT
22 '2: 23 "23"12 a23 
(121 	
a32 2 	"23 Tr 	.„ 2 "21 	"3013 	2 + 
a :,3 1711 cr21 a  "22 Cr21  — 33 "23 a 23712- 7f 11 211 331/11 
a31  "1111 22 	T1 23 21 
1 1 ia l2 










 32 	33 
- + 	 + "31 ,rt (4 :21 + 23 "31:13) 71 / 1 + "13 
"23 	23 12 	
— 7 Tr 




21 	23 7T 2 4. 2 + 	it op 
a23 11 	a21 33 ( 3-23 
+ 2 — a 3121 71. 1 17422 	
1T 32 	
0, etc. 
(1 31 (1 13) 2 
"23"12 	11 
- 27T 33n 11 
(6.10) 
SO 
While the conditions (6.9) and (6.10) were worked out 
independently, it may easily be verified that they are duals. One 
may obtain (6.10) by applying the rotation tran;foniution given by 
(1.13), (1.31) and (3.7) to the condition (6.9). 
S i 
PARDO IESIS 
No simple new conditions are obtainable by applying the 
e.)manatation formulae (1.11) to the curvatures and abnormalities. 





.(-5c 36e 2 6e 1 6e26e 36e 1 '1 23 
gives identities. 
it was hoped that another set of integrals of the same order 
as (5.7), (6.9) and (6.10) could be obtained by taking the directional 
derivative of the symmtrical condition (5.2). The procedure is as 
follows. 








expressed in terms of 
6e16e2 by (4.10), and hence, using (1.11) in 
2 




 can be expressed in terms of 	--by 6e 1(Se 3 
(4.9), and a similar, dual procedure adopted. Before realizing that 
this opening of two paths strongly indicated that the calculations 
would lead to an identity, we carried out the procedure completely and 
52 
indeed obtained an identity. The reduction requires the expressions 
(6.9) and (6.10) and gives a verification of their correctness. 
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7. PROOF OF MAIN THEORIN 1.1 
With the six quantities xa and ya given in terms of u1 , u2 
and u3 • by (3.19), we have ten algebraic relations among the variables 
6u1 	6u2 	dui 
2 ' 
the six curvatures v 	the three (5, -3  , , ul' u2' u3' 1 	 2 0 4  1 	u  2 abnormal 	aa 	 —7 alities n and the two independent ratios 	 These ' 
0
2 03 
ten relations are the symmetrical condition (5.2), the three conditions 
(5.7) and the six conditions given by (6.9) and (6.10). 
If these conditions are independent at each level of the 
(Su 	óu 	(Su 
elimination we can in principle eliminate -- ' --I  U1' 	u Ge 2 6e 3 ' ' , 2' 3 
to obtain four homogeneous polynomials 
2 	2 )1 
ol c2 
=  u nazi' ab' 2 	2 	0 , 	u = 1....4 	(7.1) 02 03 
We are then faced with the problem of determining whether the conditions 
(7.1) are independent. For example, they could possess a symmetrical 
common factor. It may be possible to resolve these immense difficulties 
using computer symbolic mathematics systems (197)[1])*. 
We can, however, prove that there exist at least QW homogeneous 
polynomial of the type (7.1). we do this by substituting appropriate 
2 	2 	2 values for naa , 'nab , o l , 02 , 03 , performing the elimination, and showing 
that the climinant does not vanish for these values. In choosing the 
*VvTquote a statement given in this reference: "Today there are 
computer symbolic mathematics systems, which can, among other things, 
quickly and exactly expand or factor complicated expressions having 
hundreds or thousands of terns." 
1 






v:4Ines we mot be careful that the order of the equations is not 
red , ced at any stage of the elimination. 
We choose n ll = 1, 
1T 22 :a 2 ' Tr 33 = 	and all n ab =  1 a # b. 
W take 
2 	2 = 1 : 	2 	: 3 , 
	




' "22 = S ' a 31 = -2 
1 
a 21 = -1 ' "32 = 	T' cl 13 = 	' 
From (3.19) we have 
1 
x1 -5 = 	1 * 3u2  + —
3 u3  + 3 
u3 
3u2 - 4 - 2 
x
2 8 	.3 — 
1 8 - 	u 1  + 6u2 	2  + —
3 u3  + 4 
1 + 6u2 2 
3 + 	3 + 121 • 
X
3 
u3 3u2 	4 - + 10 
Ul 	3 	U 3 
Y3 	+ 2 "2 + 	- 5 
accordance with (1 ql thic me,inc _7 	1 	7 	7 













39 	+ 207 	639 	839 u3ui u3u2 	ui - 	u3 - -3-- = , 
, 3	1 	24 	571 	41 	2719   0 u u 	--F- 5-111 	-5 111 112 + - 1 3 + .) u + 	U U 1 15 2 120 3 	90 
4-?- 9 112 - 	u u 	20736 	252 	9 	122 4 3 uu 	u u . 	1 2 -45-- 1 5 2 20 u 3 	71r" 	o , (7.4) de, 	2 23  
while from (6.10) we have 
ot 
1 2 	 3 	104 	441 	51 	949 * ul 1 2 + 6 u u + 71- u1"3 	"1 - 	u2 u3 ° 
.4 
du29 2 , 3 	 667 	4 31 	4 37 u 4 553 . 0 
aZ.--7, 
m. 
 11; u2 	u1u2
4 
 41i u2-3 -go- -1 ET uz 4o 3 	-47 	' 
9 2 	7 	9 	416 	131 	59 	15682 
de 	16 113 + ulu3 - u2u3 + 45 ul u2 u3 
	0 
(7.5) 
du 	du. 	dui  
Eliminating the gradients -6-4 
	
, , from (7.4) and (7.5) we get 
39 	17 	 701 	367 	32 -r ^ l 11 2 - --- U11i3 + 1(' U i 	U, 	----- 16 - 113 - 3 ' 
2 	_ !1,2 u 	4. 64 	598 	190 	83 	778 u 
2 36 213 111 1_1 2 + 	+ 	- 3(; 11 3 , 	(7.6) 
64 	52 	2080 	1744 	152 	+ 82400  
11 3 - 6 "1"3 - -7- u2"3 	ul -6-3 - "2 4. 	u3 189 • 
The conditions (5.7) become 
56 
du X 1.12 	3 
Oe
1 
` it - 8 ul 
2 
- 18 L1,2, - 	"2 _ u , 	24 
2 	
-S 	L 40 3 	to) - uu 23 
 
27 	92 	558 	89 	5096 
24 
+ u






2 1 _ 2 	1 2 - 9 
 u2 + 20 
1 u2 _ 1 	8 
T61 6e2  6e3 _ ul 		3 S ulu2 	u2u3 ' q 
9 	6 	+ 69 	9 	28 2-6 11311I 	S.  111 u2 "3 - 	u 	' (7.7) 
6u2  du i + 16 u1  u + 48 u 2  + 1 2 , 4 	+ 32 12 
rt--1 	T 1 		TO- 	' 11 1 11 2 	112U3 
9 	296 	 71 	2720 - u 3u1 + 	- 84 132 + u3 - 0 
Us1n).; (7.5) 
(7.6) to 01 
Su l 
to eliminate 	, 





from (7.7), and then using TT ' 
we obtain the three relations: 
43 	187. 	31 	652 , + 13687 	24919 H 7.1 1 u2 - 35 u2u3 





109 	417 „ „ 	1103 „ 	57767 	106811 	136231 „ 
- -3- "1 112 
	
	70 -2-3 - 420 -3u1 TA5 11 1 210 U2 2520 -3 
„ 97927 315 = 0 , 
6762752 	101 	83852 	, 420378 
U2 	




The single symmetrical condition (5.2)* becomes 
dui 13 	2 6ul 	3 but 	24 	18 	1 	172 
- 	 1 -6-e--z + 7 (se_ T "2 - "3 + 	- 
(7.9) 
6u3 6u, 	6u2 
Eliminating the gradients LT- , 	, from (7.9) by (7.5) and then 
u'l u'2 	3 
2 eliminating u l2  , u 22  , u3 by (7.6), we obtain 
793 	39 	7381 	3382 	137 2- u1u2 - u2u3 	u3u1  + yrs ul - SS -2 - -FE u3 
253 + -3-5 	0 . (7.10) 
*The condition (5.2) is divided by 2. 
58 
Lliminating u 1u2 from (7.10) and (7.8 1 ), (7.8 1 ) and (7.82), 
and (7.8 2 ) and (7.8 3) respectively and dividing through by the 
coefficient of u2 u3 in each case, we obtain 
- 1.2 1113 - 8.2471987 u2u3 + 33.898145 u 1 - 105.1988 u 2 + 16.159313 u3 
- 314.03381 = 0 , 
- u 1u3 - 7.1792979 u 2u3 - 30 . 191441 u1 	• 100 79129 u2 + 77.512155 u3 
- 830.7637 = 0 , 
- u 1u 3 - 2.4165543 u2u3 + 24.318844 u l + 49.50761 u 2 + 11.092884 u 3 
- 204.08588 = 0 . 	 (7.11) 
Subtracting (7.11) 1 and (7.11) 2 , and then (7.11) 2 and (7.11) 3 and 
dividing by the coefficient of u 2u3 we get 
- 11211  + 60.01455 U 1 - 4.1272653 u2 	57.451817 u 3 + 489.49292 = 0 , 
U2U3 	11.445143 ul - 31.55721 u 2 + 13.94559 11 3 - 132.83894 = 0 . 
(7.12) 
ELinlinating u 2u3 from the equations (7.12) we get 
- 0.3838519 u 2 + 0.9991283 u3 - 8.7088515 . 	(7.13) 
59 
Substituting the expression for u 1 given by (7.13) into (7.11) 1 and 
(7.12) respectively, we get 
	
- 7.8633463 u u - 0.9991283 u 2 	118. 21066 u + 58.736759 u 2 3 	 3 2 " 	3 
- 609.24772 = 0 , 	 (7.14) 
and 
u2u3 - 27.163964 u2 	' + 2 510418 u3 - 33.16488 = 0 . 
	 (7.15) 
Solving (7.14) and (7.15) for u 2 and u2u3 in terms of u3, we get 
u2 = 0.0104742 u3 - 0.4088151 u3 	" + 3.6530498 
	
(7.16) 
u2u3 = - 0.2845213 u23 + 13.615457 u. - 132.39618 . 
	(7.17) 
Equations (7.16) and (7.17) can be reduced to a cubic in u 3. However, 
a simpler eliminant is obtained if we reduce the equations to quadratics 
in u3 . 
Eliminating u l between (7.10) and (7.13) we obtain 
u - 4.8761754 u2u3 - 0.5179237 u 3 - 55 ' 93073 u 2 + 20.969134 u3 
- 146.51113 = 0 . 	 (7.18) 
• 	60 
From (7.13) we have 
2 0.1473422 u2 	0.9982573 u 23  - 0.7670345 uZ 3  u. + 6.6358183 u2 
- 17.402519 u3 + 75.844094 . (7.19) 
Using (7.13) and (7.19) to eliminate u l from the equations (7.6) we get 
+ 0.4253887 u 23  + 2.4394717 u2u3 + 2.4877913 u 2 - 10.198245 u 3 
	
+ 30.779431 = 0 , 	 (7.20) 
U - 0 5564504 u2u3 + 1.2338066 u 2 - 2.6550089 u. 1 	. 	 3 
+ 48.751871 = 0 , 	 . (7.21) 
- 0.0149871 u 23 + 7.8185142 u2u3 + 31.90094 u 2 - 9.386705 u3 
- 340.13539 = 0 . (7.22) 
We note that (7.22) does not involve u;, this is apparent from the form 
of (7.6 3). 
Eliminating u22  between (7.18) and (7.20) and between (7.18) 
and (7.21) we now obtain 
61 
7 
- 2.4367037 u2u3 - 0 . 092535 u-3  - 53.442939 u 2 + 10.770889 u3 
- 115.7317 u 0 , 	 (7.23) 
and 
4.319725 u2u3 + 0.51792 37 u3 
+ 57.169536 u - 23 6'4142 u 
	
2 	. 	3 
195.263 = () . 	 (7.24) 
We now use (7.16) and (7.17) to eliminate u 2 and u2u3 from (7.23) 
and (7.24). We obtain the three quadratic equations in u 3 
2 u3 - 44.098542 u3 + 660.6334 = 0 , 	 (7.25) 
2 u3 	13.605866 u l + 284.20771 = 0 , 	 (7.26) 
3 - 105.22250 u 3 + 1493.9601 = 0 . 	 (7.27) 
The eliminant of x between the two quadratic equations 
OA
2 + bx + c = 0 , 	a1 x2 + b•1 x + ci = 0 , 
is 
E = (ca l - c 1 a) 2 - (hc1 - b 1 c)(ab 1 - a 1 h) , 
and the vanishing of E is the condition that the equations in question 
have a COMaill root. 
62 
The eliminants of u3  between (7.25) and (7.26) and between (7.26) 
and (7.27) are respectively 
E = 249782.25 and E 2 s= 2341017.1 . 
Setting E1 and L 2 to be zero we have the numerical representations of 
two relations of the type (7.1). However, this numerical analysis 
cannot tell us whether these relations arc independent.* 
Ve can guarantee the existence of one relation (7.1) but that 
is all. the relation may be one of three relations connected by cyclic 
permutation and by the rotation condition, or it may he a single sym-
metric condition invariant under the rotation transformation. In 
either case we can assert the existence of one symmetric condition 
invariant under the rotation and reflexion transformations.* This 
proves Main Theorem I.1. 
*A third such eliminant could be obtained from the cubic repre-
sented by (7.16) and (7.17) and one of the quadratics. 
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8. PROOF OF MAIN 111EOPI.M I.2 
It may happen that the relation whose existence was guaranteed 




2 0 3 
	
2 	2 (: 	0 0. ) 
G TT 7T 	1 2 " aa' ab' 2 ' 
0
3 
=0 	 (8.1) 
In this case the condition would be satisfied by the relation among 
the proper numbers 
(0 2 	2 a 
= 0 . 	 (8.2) 
0 
2 	3 
We cannot discount the possibility that a new class of solutions may 
indeed be characterized by a functional relation among the proper 
numbers.* 










') 2 2- 




function (P need not be symmetric 
64 
where kn is a constant, and that it does not contain (8.3) as a 
factor. Evidently due to the finite degree of (8.1) there can be 
at most a limited number of possible constants k n . We note that 
kn - 0 gives the degenerate and excluded case of = ui. When the 
expression (8.3) is zero we have 
13 kn = 0 	 (8.4) a
12 
which by the identity (1.23), is equivalent to 
	






17-- - 0 . 
This case has to be excluded from the argument. It remains as a 
possibility. 
By (8.2) and the condition (1.5) for isochoric deformations 
we may express 02 and 03 in terns of 0 1 . 





32 The ratios --- , 	, a 
a
12 -23 	31 
of al' which may be varied 
arbitrarily. A given ratio may thus be varied arbitrarily. It follows 
from (1.32) and (1.33) that 
65 
u1 = u2 't u3 = 0 . 
	 (8 .6) 
This argument fails if (8.4) holds.* 
Ry (3.15) and (3.16), with (8.6), since none of the abnormalities 
can vanish, 
x 1  = x2 	x3  = 0 , 
and 
Yl = Y2 m Y3 = 	' 
Ry (8.6), (8.7), (8.8) and (3.18) 





or by (1.35) 
"32 = 723 ' 	713 m 7 31 ' 	721 = 1 12 
By (3.11), (8.6), (1.7), (8.8) and (8.10) 
2 / 11 23 
- 31 12 n31 	,  0 	etc. 	 (8.11) 
and by (3.8), (3.9),.(8.7), (8.81 and (8.10) 
11 	 +r 	 'tC (Se '31 	- 31 23 	12 33 ' (8.12) 




15 	=ff 	r 	-r 	r 	etc. 	 (8.13) 6e1  12 	12 23 22 ' 
From (2.2) and (8.9) 
	
la
0, etc. 	 (8.14) 
1 
Taking the gradient of (8.11) with respect to e l , using (8.12), (8.13) 
and (8.14) we get 
X11 	3n 	
7, 2 
11 6e 	23 12 7 33 - "' 1 31 7 22 ' etc. (8.15) 
From (4.8) or (4.9) with (8.6), (8.7), (8.8) and (8.9) 




n 	+ 11 31 del -31 
Zn3re--1/ 1 	1 
n 2 2 	= 0, etc. 	 (8.16) 3 [  
6 Substituting for .(377-r, / , etc., from (8.15) into (8.16) we obtain 
"1 
2, 	2 
7 12 "33 - 7 31 7 22 	0 ' etc. 	 (8.17) 
The conditions (1.29), (1.30) take the form 
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= 24. 324 33 , etc 
el 	
. , (8.19) 
and taking the gradient of (8.17) with respect to e l using (8.12), 
(8.13), (8.18) and (3.19), we obtain 
2 	2 
237 317 22 7 237 12/1 33  7 127 317227 33 = 0 , etc. , (8.20) 
By (8.17) and (8.20) 





Since 7r 33 cannot vanish, it follows from (8.21) that either 
7
12 
= 0 , etc. , 
or else 
1%27 23 - 7 317 22 = 	, etc. , 
and it follows from (8.11) and (8.23) that 
n12 = n 23 = 7T 31 = 	• 
Thus (8.24) holds without exception. It now follows from (8.14), (8.18) 
and (8.19) that all the abnormalities are constant. This is a contra-
diction. This proves Main Theorem 1.2. 
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9. CONCLUDING RLMUKS 
The strongest special case we have been able to prove is that 
there are no new solutions when the ratios of the abnormalities are 
constant. This proof is given in the Appendix. To complete the 
proof that there are no new deformations we thus need to prove the 
existence of two independent polynomial relations among the three 
abnormalities and the proper numbers. AsSuming that the ten condi-
tions given by (5.2), (5.7), (6.9) and (6.10) arc independent, then 
six further independent conditions would suffice to show that th9 
	
G1 	02 ratios of the abnormalities are constant and the ratios - T and 
a; 03 are constant. 
Taking the gradient of (6.9) with respect to e 3 , we obtain a 




°`12« 32 (Y3 	2x3)u3 	(-x3 	2Y3)u1 	(9.1) 
al3a 31 	"13 11 23 
There are three such conditions obtained by cyclic permutation of the 
indices. A dual set related to (9.1) by the rotation condition is 
-btained by taking the gradient of (6.10) with respect to 	its 
highest terms in ua come from 
a 13 	(-x + 2v ) 	0, 3 - 2x 3) 3 	'3 cf. [ 	 c41232 	 autim n 	u3 . 	(9.2) — - 
12 1 23 	 13 
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While the conditions whose leading terms are (9.1) and (9.2) 
appear to be independent of any conditions obtained by eliminating 
6u. 6u 6u
3 
6e 2 ' 	
r 1 . 2 
de ' de 1 f
rom  (5.2), (5.7), (6.9) and (6.10) we cannot discount 
the possibility of lower order factors occurring at a later stage of 
the elimination. All one can say is that if these sixteen conditions 
are independent then there are no more solutions to the elasticity 
problem. 
It seems likely that the development of the conditions (9.1) 
and (9.2) and the performances of the elimination necessary to estab-
ligh this independence could be accomplished using the computer 
symbolic mathematics systems [1979(1)], already referred to in Chapter 7. 
For the benefit of a reader who might wish to undertake this we tabu-
late the equations giving the variousgradients required for deriving 
















6e 	II I 2 	' 










( 3 . 8 ), 	( 3 . 9 ) 
(1.29), 	(1.30), 	(2.2) 
(3.15), 	(3.16) 
(4.10), 	(4.1), 	(4.3) 
(4.9), 	(4.2) , 	(4.4) 
"2'7 	 ' 
- 3 	- 
CtO . 












6e 1 	' 









(C 1 	&2 
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APPENDIX 
PROOF THAT NO NEW SOLUTIONS EXIST WHEN 
PATIOS OF THE ABNORMALITIES ARE CONSTANT 
From (1972 [1]) and (1975 [1]) we assert that none of the 














= 2713 7 33 
= - 	u 7 	etc. , a
23 31 II , 
and hence, by (1.22), 
712 723 731 3 7 21 7 32 713 • 




 6e 	= - 2n33 div c 2  , 	6e  2 n11 = - 2r 11 div e2 , etc., "  
and incorporating these relations with (2.2) 1 we have the set of nine 
relations 
div (log u 1/7  e ) = 0 . as —b (A.4) 
72 
Again from (A.2) we have 
a
12 
U3 	n23 U1 = 	, etc. 13 	- 
(A.5) 
which by (3.18) gives 
23 	 32 	2 _„ 
"21 733 xl 	am 1'22 Y1 - 	
div El 	0 , etc. (A.6) 
We prove 
LOVA 1. If one or more of the three curvaturce 11 12' 7T 23' 11 31 
vanishes, there are no new :;olutons. 
If all three curvatures vanish, then by (A.2)1121' 
1132 , 1113 all 
vanish. Thus div e1 , div e 2 arc all zero. In this case by (A.4) all  
the abnormalities are constant, which is a contradiction. 
If two curvatures vanish, say 




32 = 0 and div e 3  and div e 1  are zero. From (1.32) and (1.33) 





1122  31 	2 a
12 
 11 1 
from which it follows that 11 13 = 11 31' so that div c 2  is zero. Once 
again the result follows from (A.4). 
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We conclude that for new solutions at most one of the three 
given curvatures vanishes. Suppose n 31 vanishes. They by (A.3) 
11 ,3 vanishes, so that div c., = 0. By (3.6), (3.8), (3.9) and (A.S) 
We have 
div c2 = 0 , 	x 3 = y l = 0 , u 1 = 0 , 	(A.7) 
x 1 = 	7 32 1 
Y3 = 	7 12 7 33 • J 	 (A.8) 
By (A.7) and (1.33) we have 
1 
a 21 
6e, 	32 	3.) 12 	2 u. 23 2 ' 
and by (A.7) and (3.9) once again 
-66; 7 23 	'T 33 721 
(A.9) 
(A.10)  





2 + 711 (71 23 	732 ) = 
21 --- Tr 	.. (it 	- 	) = 	. 
Ci
23 
ll 12 	33 12 21 (A.11) 
From (A.2 )2 , using (1.22) we have 
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r 11 	"23 x 12'1 23  
T — 2` 
X1 33 a21 7 21 7 32 
and substituting (A.12) into (A.11) we get the two conditions 
C 	n - n
2 
= 0 , 
2 




where F,a 	 , n = 23 . Since a n na do not vanish, we must have 
7 
21 
 12 	32 
T1 21 	77 21 	, 
	
- - 2 
R 	" 32 32 
From (A.10) anti (A.14) 
d 
05c2 n 32 	n 33n 12 ' 
(A.14)  
(A.15)  
and by (A.9) and (A.1S) 
but by (A.2) 
so that by (1.22) 
a
23 — a ll x 1211 33 ' 
a
32 u2 	2 — TI IT a m 12 22 
But by (A.2) 2 
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6-- 12 22 




733 " 12 "22 = ° 
(A.17) 
By (A.16) and (A.17)1/ 22 	/T33 = 0, which is a contradiction. This 41 
completes the proof of Lemma 1. 
From Lemma 1 and (A. 3) we immediately have 
LEMMA 2. If one or more of the throe eumzturce n, r 3!3 n13 vanishes 












must all be constant. 





731 5e 2 11 13 - 11 13 Z-e-2 11 31 V 0 ' 





TIT IT; 11 13 u l , 6e; 1 31 = (A.18) 
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7. 	etc., as given by (A.2) and using (1.22), we a   23 33 
obtain from (A.18) 
a31"13 71 33 
32 23 22 / 
	a21 a21 11 12 	a32 1221 33 0 2 
() 1 Ft 23 23 - r 33 	° 2 +  IT 2 	3 11 
where 
N 33 "21 11 231 
7 1 
3 	213 	a 23 1'11 
(A.19) 
r
21 	Tr 	0 	7 12 
0 . 	0 . 	u =  1 N 2 11 11 3 N I , 
Since none of the curvatures vanish we have three equations (A.19) 
obtained by cyclic permutation of the indices. Calculating the dis-
criminant of these equations we find that the determinant has the value 
4
33 4. The terms 	 21 n231 -213 	 involve ratios of the abnormalities 
T111 	23 11 11. 
and are constant. It follows that 0 1' 0 2' 0 3 are constant. The 13 	21 
constancy of the ratios TT— , 	11-- then follows from (A.2). This 
11 11 	11 
proves Lemma 3. 
We prove 
:.,EIT4A 4. At leact o12(.3 of the quantitice (:!.7) -74t be zero. 
Tf 
Since -,21  -- is constant, 
n11 
(1.35), (2.2) 1 that 
6e 
7
21 0, and it follows from (1.33), 
.11 32 
n n- + n 	(n 	- n12) 	2n21 22 	23 21 12 
1 13 - 	u - 	. 
12 
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Using (A.2) 1 ' 2 to eliminate u 1 and to eliminate m 21 in favor of n 12 
we now obtain using (1.22), 




ci 32    1 i 11 11 31 - 
(A.20) 
- 












Since f-' is constant, 	0. Applying the same argument 
33 	 ue3 33 
as before only now using the expression (1.32) for —6-7 we get 
3 (5e 	23 	
-- 
11 	a21 	"31 
77 	-- - 
	'a 33  '31 023 
(




11 	11 7 	723r12 = ° 
• (N.21) 
31  
We require that (A.20) and (A.21) be solvable for non-zero values of 
731 
and n23I112 (Lemma 1). Using (1.22) we find that the determinant 
reduces to 
( 	
a12 	, "23 	+ a31 
n
33 
+ IT ,,,, 	n . , --- ,n , j 1 , ___ (13 L— 11 	an .)3 	2,. 	a32 	11 = 0 . 	(.A.22) 
This proves Learn 4. 
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A a 	+ 	u 	= 0 , 1 33 a 22 13 
and it follows from (A.2) 2 that 
div c = 0 	IT 	= TT, 4 	1123 A . 
(A.23) 
(A.24) 
Also by (A.2) 2 




1112 	= div c / "32 
(A.26) 
We have 
LPmma 0. If either div ep or div e 3 vanishes lhcre are no new 
solutions. 
Suppose div c 2 vanishes, then by (A.25) and Lemna 1, X2 a 0. 
It then follows by (A.23) and (1.22) that A 3 = 0, so that by (A.26) 
div e3  a 0. By (A.4) the abnormalities are constant. This is a 
contradiction. 
Equivalently we have 
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Lema 6. If either A2 or A3 vanishes there are no new solutions. 
By (A.23), (A.25), (A.26) and (A.2) 1 , the condition (2.6) is 
reduced to 
div e, e2 - div e3 e3 grad log X11 2 
	
(A.27) 
a condition which is in accord with (A.4). Since all the curvatures 
and abnormalities are constant on the surface 7
11 
 = constant, and since 
by (A.27) the vector-lines of g4 lie on these surfaces, we have 
Lena 7. The vector-lines of c 3 are circular helices and the 
surfaces 7
71 
= constant arc concentric circular 
From (A.24) and (3.6) one sees that 
x2 	0 = y3 == 0 , 	 (A.28) 
and by (3.8) and (3.9) 





+ 32n 12 	0 , 
	 (A.29) 
and for (A.29) to give non-zero values of 7 47 and 7 13 in accordance with 
Lemma 1 and (A.2) we must have 
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722733 = 7 23732 2' 11 2 3 , 	by (A.24) 
	 (N.30) 
From (A.3) and (A.24) 
7 1311 21 - 7r 31n 12 = 0 ' 
These conditions are combined in the form 
7 13 	17 33 	723 	731  
7 12 "23 22 21 
From (N.6), (A.23) and (A.28) 
x3 	-• 11 33 div 
3 , 	y2 = n 22 div e, . 
(A.31) 
(A.32) 
The condition (A.6) with (1.22), (A.23) and (A.24) gives x l = yl . 
6 	
r
21 	. Using 0 with (1.35), (2.2) and (3.R) we then get 
6c 2 7 22 
)1. 	77 21 ( 21r 13 - 31 ) 	7 117 23 
	 (A. 33) 
and i.t follows from (3.6), (A.31) and (A.33) that 
6 	 6 div 1.! 3 -div c 2 = 713n21 - 7 117 23 • (A.34) 
We note that the conditions 1.24) to (1.27) may be written 
12 „ 




.7 331 11 	1.5IT  31 	- 
1 = - 
1 	
n111 22 - 1121 21 	4 2A  3 ' 
81 
al2 ( 
(50 3 21 
= 2 - 7).1 722' - 	'732 1 23 	7 227' 33) 
and 
a










et:c!. , (A.35) 
6 	 2  a 
	
) 	l3 
6e2 1 31 	(11 11133 	131'  a23 
IT 
1 33 - 1 2 31 32 3 
"12 	4 3 "12 1 	1 " 
1 22 A 2 	1- a - 	"2'3 a23
13 3A 1 
-13 13 
"131 + 	









0 we have in particular "61 	" 
77- r„ 	0, 7_7-- 	° 0. Using (A.23). (A.30), 
and (1.22) we obtain from (A.35) and (A.36) 
Again by (A. 35) and (A. 36) 
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6e3 	63 
div e. = 	(ni 
'  - 
11 21 ) la °T 227 11 - 7 1 
_ `1 21 
"31 ( 33 11 	7t317 13) 
_ 	
" 
+ X23 	1 1.1 	21"12 	
3 
 _ (TT
21 	1 22 
 _ )11 
"21 "1331 
23 	3 _ _AA 
+a21 :33 3 	4 2 3 ' 
and by (A.37) and (A.38) we obtain 
 ae3 div e3  = - (div e-)
2 . 
-  
Similarly we obtain 
div c 	- (div e2) 2 . 60 2 	_2 
(A.39) 
(A.40) 
From (A.27), (A. 39) and (A.40) we note 
1/2  
Lemma 8. The funcf-ion log r11 i v  a cylinrioal harmonic 
function. 
Let e*3 	
1 be the unit normal to the surface log 7T 112 = constant, 
then e 2 =e3  xe1  is the unit vector perpendicular to g). in the tangent - - 
plane of the surface. Then 
--w (ay e 2 = 0 	6 --E div c, . 0 
) 
6e2 	 6e2 
a 
and 
- div e e + div e e 3 / 	2 -3 
1) 
We obtain from (N.39) and (N.40) 
[ 
div e2  ,-6.-- div e 2 + div e 2 div e 3 = 0 2 oe 3 
div e3 
[
6c  -- div e 3 + div e 2 div e3 = 0 
2 
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and by Lemma 5 
. div Q. div e 
	
div c - 	div 	- de 	2 - " c3 2 	3 • 
3 2 
From (A.34) and (A.41) 
- div s2  div R3 = 7 137 21  7 117 23 ' 
By (A.25), (A.26), and (A.42), using (1.22) we obtain 
13 , 	
(, 
	n u ) 	R 	 0 . 


















and (A.43) becomes 
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5 2 1 1 
[ 	
2 
'1117 33 - e 
	
.--- '2'3 	x - 7 117 33 Y = ° • 
) 
( 71217113  From (A.31) 1137 3i = 7 33 	7r 	so that 23 
x 
IT 	TT 	1I 13 31 11 33 y 
and we obtain from (A.37) 
1 11 12 
- 7 33x + [7117 33 13 A 2A 31 Y = ° • 
(A.45) 
(A.46) 
For (A.45) and (A.46) to give non-vanishing values for x and y 
one must have 
7 2 7 2 	[4. 	 Ill 2 „  
	
+ 1 el 2 „ 	n 
11 33 "11 33 	a13 "2'3 	111733 -13 "2"3 
so that either 
or 
2 	0 3 ' 
(112 x 	. 	. 
3 '7 117 33 an 2 3 
(A.47) 
(A.48) 
If (A.47) holds the result follows from Lemma 6. 
Ige are left with the possibility (A.48). 	Using the expressions 
(2.7) for A 2 and A 3 , and eliminating 11 33 in favor of 7 22 by (A.23), and 
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using (1.22) we reduce (A.48) to 
a31 2 	a32 
2 
2 - n 	+ 	
Ill 11 22 a 3 11 a  31 
= 0 . 	 (A.49) 
We may now obtain an expression for 6 	which is independent 
2 ' 
of that given by (A.35) by taking the gradient of (A.42) with respect to 
e.2 . From (A.40) and (A.41) we have 
 se- (div c 2 div e3) = - 2(div 0 2 ) 2 div e 2   
and by (1.35), (3.9) and (A.32) 1 
,n 	- x +71 n 	n n 	= 2v div e 
de, 23 3 	23 13 21 33 "'33 	3 ' 
Also by (A.33) and (3.8) 




By (A.4), (A.50), (A.51) and (A.52) we obtain for the e2 gradient 
of (A.42) 
2 (dive)  ) '• div e = 	
6 n 	- left n 	- n n) div e 2 . 	3 Tei 13 21 	- 13 21 11 23 	—2 
1n33 div e, 
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which by (A.42) reduces to 
11 21 6e2 	13 ) 	41 033 div e 3 = 0 . 
	 (A.53) 
By (A.2) 2 and (A. 52) , eliminating71 12  in favor of nn and then cancelling 
7r21 
which by Lemma 2 does not vanish, we get 
11 22 (6511 13 4' 2 IT 111T33) 	
a 31 2 + 2 -- rt TT 33 (1 32 11 2 
6 which is the required expression for — 6e 2 13' 
by (A. 3S) and (A. 38) for a i 	0 
2 	 (x 12 	+ 1 "12 A A 
be t 11 13 	1 13 - 11 3311 1.1 	1:t 13 IT 22'2 	4- 01132  3 
(A.54) 
(A.55) 
Also by (A.2) 
2 	"21 Ti ll 
1113 a 23 17 33 713131 
a21 11 11 	1"12 
ct 23 71 33 	11 33"11 4 ce 13  
, by (A.37) , 	(A.56) 
2 Eliminating 71
13 
from (A.55) by means of (A.56) and then substituting 
for 
Vi a -, 
 rt.
3 




"21 	"12 72 4. 1 	1 . n li " 21 
( 1, -, (123 11 	4 " .6-ii 5-33 523 
2a3 2 + 	r 	0 
a32 11 33  
"12 
 I  A2X3 	
A 
m33111 	a13 .4 22 2 
(A. 57) 
By (A.23) and (1.22) 
a21 2 Tr al2 2 	. 
2 	11 11 22 ' 
a31 7 2 IT 	= - 2 	a.— 1' - (123 n 33 2 	 a32 13 11 22 a32 	. 
so (A.57) reduces to 
a
21 
w11  2 
	1 all (: 	"21 1 I 
a- — - 
a13 
	 A, + 




12 A 	. 0 . 
a13 2 22 
(A.58) 
Substituting for A2X3  from (A.48), substituting for X 2 , and eliminating 
11 33 in favor of 122 by (A.23) we reduce (A.58) to 
7 a 21 2 	S a lt 	a32a12 2 
	0 T, 0, 23 11 11 a13 11. 111T 22 	ct 3iao 1T 22 (A. 59) 
Eliminating 112 2 between (A.49) and (A.59) we obtain, using (1.22) 	' 
a 32 
n ll = 3 — a31 t 22 ' 
(A.60) 
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Substituting (A.60) into (A.49) we got 
a32 2 13 - Tr = 0 . 
a 31 22 
(A.61) 
This proves the result. 
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INTWOUCTION 
Consider n motion whose velocity field is V = ve l , where v is the 
velocity mnuitude and e i is the unit vector tangent to the stream line. 
The !notion is called a 50k i. m)t 	I the velocity V ;_uld the vor . i.city 




where r 	- e .cArl 
 1 
e, 1:-; the nl:nonlAlitv of the vector-lines of v. 1 - 
The vector-lines of v and ,., are coincident. 
A screw motion will he possible ror 11 Naylor-Stokes fluid," 
if in addition to (1.1) the ','ollowiny, conlicions hold 
dl': v - 	, 	 (1.3) 
and 
i t 
	 cw . 1 I 
Where 	11'; 1 11c 	51:1111:it 1 	it 
0 ii en S1 ier 	(1!): 0 ), 	o.111es Hs shown that no steady 
rotational s171-ew ut 	 Fluids exist_ Hoevor, there 
is a 	 N,:tvicr 	1 - 1iiids, which dre unsteady 
motions with stead stream lines. 
-4-Those motien7, al -e also 1;110101 as P,eltiami motions, see BiOrum (1951) 
and h1;..41 	m And G)dai 
an incomiheiHle 	1;nid '1 ,111h uniForm density and viscosi 
Cons i der the' 	as!; o .4" rt,V 	10W; j 	 the abno 	ty 
	
spatially contant. :' 	motions, knownfl 'irkalian motions, 
have been till:: subject 	rent 	HOrguy; and tiodal (1952). It 
is shown that u 011.1.aiian motion to he a possihie motion of a 
NMI) or f.:Aolc- 	lnid the 	'rma iity 	aiso he temporarily con- ' 11 





whey° u is any steady Irkalian tel ci of. ahnormality 'lin (sec (1952) 
p. 9-11). Evident h iv 	cul 1 u =u. Equation (1.5) defines l- 
a motion wq.lose stream I nes aia'. steady hut v.liose velocity magnitude 
decays exponential Ly with t iwo 
Niotions with steady st 51t: 	SO1Ue of the physical .lignifi- 
can:0 of steady motions. 	it 	ecs natural to ask, are Trkalian motions 
the only rotational scucw 	of Navier-Stokes ituids for which 
the stream lines are steady': 
In this paper sw :show taat thc511wei• 	yes. 	i',!e prove 
no 
;;I:C(.13!1 
, 1114! (1:onL. i.aat 
-- 	 mva1ni ( - olidition is that tile vorticity w must also he 
a !=',C1VV: field. 
lt follows from (1.2) 1 thnt 
,31,7 
Ji 
	 X — 
	
(1.6) 
A necessary and suliicient condition for a motion with steady stream 
lines is K. = 0. It then follows from (1.4) and (1.6) that for 
screw motions of Navier Stokes fluids with steady stream lines it is 
necessary that 
or, by (1,2) 
Wx curl curl 	- 0 
e. x curl curl 
- ' 1 
(1.7) 
(1.8) 
Our analysi:'; is teased primarily on the ,vverning equation (I.8)*. 
As is to be eypected t is considerahlv more involved than the author's 
analysis or steady :;CrOW notions of Navier stokes fluids (1.979), an 
analysis which was based on the lull condition curl curl. W = 0. 
Early on Ill the inveslintion it appeared that there might be a 
special solution hi which tne ska1v :.tre:H11 line are circular helices. 
this How is shown to he 	 h; thapter 3. 
*lhe condition 
e . curl curl ft) 
representing the flow-wise ivoltue of the 5ytem (I.d), is not generally 
helpful.bee Chapter .; Cotow i 	a OH (3.'30) and the section 
'Concluding kemarks' it -tlw end of Ihe !riper. 
'rho ma in Ivo° 1 is based oil two I eirn!as 	r the variables 0 
defined in Chapter 2, we show rh:It lo 	, T / 0 m'id 	not constant, 
there exist. a Functional relation t U. This is Lemma 1. 
We then invcAe 	Jacohian theorom fur it tional dependence to obtain 
two further somewhat simpier necessary conditions. Wc are, then able to 
establish LL,mma 2, assertin ,), that there e\ist a functional relation 
f(e-tp,A,T)= U where T = - 7.) 	(equation (2.36)). The result follow.; 
directly froni Lemma 2. 




1. 	Pil:LiNnN,,,In' sprcli:R:AvioN tI 	II vrctc.w 
Since tho case of spatially cont- -.tant fl 	determines Trkalian 11 
motions, we postulate that 1:
I 	
1 ,; not :pati:'Aiiy constant. Since the 
vorticitv u is :;olenoidal it follow; From (1.2) and (1.3) that* 
11 
e -rrad n 	- 0 1 I CL 
The family of surfaces 	=, constant contain the vector lines of 0 
We may define the unit voctot e, (a he normal to these surfaces so 
that 
The vectors e —1' 
NI1j 	where e.. is lwrpenA. licular to c in the 
tangent piano to the surface 	constant, Form an ortho-nomalI 
hasis, honce one has 
1 1 	
(1.4) 
*1 use tho nottioa 	 , 	te denote the components of 
Lien,. , I Has' (‘ I • prad 1 , and 	- • 	e, 	grad (° 2 • grad ,e co 
I 	2 
;.1,11(.1 so on. 	The :;vmhols 	
° 
	ihtiedoced subsequently will have 
S imilar meanins. 
Write 
(1.5) 
Then sin:c 	curl 	thy condition (I.1) gives 
(1 .0 ) 
and 
, 
= 	1,9 ■?, V . 6 , 
(1.7) 
Ouc also 
div e - divie x 	e. • curl c, - e • curl c —1_ 	 3 
„ 
	 (1.8) 
und it i -ollows Iroju r.3) th:it 




11: -,img (1.1), 	(1.1), 	11.0 and W7) t,„.e 	ii 
:. 1U 1 11 	- 1 
I ■ 	I 
To evaluilte curl curl 	Loili (1.10) our Heeds thy rolation 
which may )0 Obtained 13 - 011: 	iJoniit\ 
	r1 	rad 	0 together 
with (1.11, (1.4) , awl ( . 	. 
Using (1.1, 0.1), (1.0), 	I Y), 1,1.{)), ( 1..10) and (1.11) one 









Since 	 i si i , i 	fellows I rom (1 ..12,) and (1.1.:1) that 
D 	 (1.14) 
21! 
it now _Col 1ow-; From ti 	, (1 . !uu&i I . -II t hat. 
curl o, 	21. - I 
	 (1 .10) 
lhe rc iAion (t.ih) 	 !ha! thy !Hilt 	 tAnl'cnt to the , 	0 
,..:tream line 1 points a laia1. 	i Tic) ma I I o 	vector-line 0c 
(The vector of 	 thi! Camily of surfaces 
1 = .1 
2. 1)1111.1,11 NARY ANAL) a d 
One thay now write s, n and I) respectively in place of e 2 , e 3 and el . 
The unit vector s is normal to the suriaces 
' b - hscusi 	- 	 n it , 	 (2.1) 
while a ond h point along the principal normad and binormal to the vector-
1ines of s, and h is taiwont to the stream line. For the particular case 
when the s-tines are roctilinenr (so that the surfaces (2.1) are parallel) 
one defines thu 1)11101 -mai h to be tangent to the stream line. 
The formulae associated with thk r(Tre(Altation of the vector field 
are vii/en ill the Ap pend 	to  a llaPol 
	
Wang (1970). In particular, 
the abnormalities of the \wtor - liaes of s II and h are related to the 
torsion 	or the s-tines by 
11 4 
	
1 	. ( 2.2) 
It then follows Crum ( . 	W1) aaj (L2) that 
(2. 3) 
The surfaces orthogonal to the 	I i es I rc surfaces upon which the torsion 
T maintains a constant value.' 
*In the now nolaticJii the ca!ie 	spatially constant corresponds to a 
Trkalian motion, ihito the cae 	- 4) gives irrotational motion. Both 
these cases are discounted throughout the present. work. 
The fol 	relations hi) bi 10! . the VO:t0Y field: 
i• b 	 (2.d) 
curl n 	div 	!-; 	1 	ii+ 	b , 	 (2.5) 
CHI A_ 1) 	4 jjV :;)5 	aN 
where K is the curvature of the s--I inos. 
Commutation formulae may be obtained by applying the identity 
curl grad 1' = 0 to the tensor point. function F, namely 
(SF di v 	++ d
' n 6b,'In 	6 nab 	- on 	6b 
3l 	- 1:  
	
- 	- 	• 
(2.7) 
(2.8) 
■ `)• - 1: 
- + 	 + 
CIS 116 I.; 	.S!) 	 S C. Li 
(2.9) 
When these íatIttulae are appl led to the Hc-t,is vectors s, n and b we obtain 
nine compatil)ility conditiun)-:. '. ,;:th the simplification afforded by (2.3), 
and also by 'the (ontiition- 
(2.10) 
one obtains thy folioin ryta!lon, 
K 
. 	 ' 	 . 
71'; 	t - (2.11) 
id 	H = 0 , 	 (2.12) 
SrJ 
61; - 	 div V.1-111) (.: 	4 - 	di 	n) (2.13) 
3 — + K div 	+ 2.c (0 	t- 	2t) 	(. 1 (2.14) 
— 	 + di V TO 
as 
60 2 






f div 	÷ 	T 0 	, (2.16) 
- 	- 611 ‘, 7, Ci! " 	- 0 (2.17) 
thy 1) 	-i 
7 	(K + div n) 
+ 	div 	h :1 1 	+ 	div 	ni= 
	
div 	f 	t 	(div 	1))' 
0 	, (2.18) 
+ 	+ div nl - 	- - 	. (2.19) 
The condition (1.1) 	now 	requires 	Coat 
, 	div 	n - 	 lop, v (2. 2 0 ) 
U =•• 	 _;•• _ (2.2 1 ) 
these relations hein evidently equivalent to (1.6) and (1.7). From 
(1.:3) one has 
die I - - 	log 	• 	 (2.22) 
Froia (2.20), (2.21) and (2.:',;_) and tile commutation formula (2.8) 
one has 
log v 	- v 	 g v 
	
" 	 C.11 	 6b 6 b 	6 1) (Ss 
div b 4- 41 (L 	div n) 	0 div h. 	 (2.4:3) 
By (2.18) and (2..); one has Aso 
- 4 IL 1- 
	
)(lie h 	( 	div nI 	U , 	 (2.24) 
and (1.12) and (2.21 	o.,.:cJ her exhibit IN(' intere!- -,titv, conditon 
I) 
	) ' 	'1 h 
	
(2.25) 
Taking the directional derivative of both sides of (2.20) with respect 
to b, and or (2. ) 2) 	i th vc:-:pec I to n, 	imediatele obtains Crwi (2.7) 
The rd at. on 
v 	 4 j:v P) 
	
(2.26) 
Appl)iny, the 	ion loan ha 	to 1, we obtain from (2.10) 
(2.27) 
Similarly from (2.9) and (2.10) we htive 
,Sns 
	 (4.28) 
Taking 1:1e directional cleri vat ‘e o 	with respe ,...:t to b, 
and then usia , 2.27) togetici 	th 	I 1, (2,12) and (2.24), one 
obtains for 	div h t lie eNpre:- -,sian 




t div n)] - 0 . 	 (2.2j 	' 
From (2.19) and (2.29) .e obtain 
K 	(t .; + div n) 	2. (d iv 	) L 9-+ div tir - K 	 17i - ) 
1,`.h 	div n) .1 . 	(2.30) 
The folimang Cormala, oktaincd 	oa (2.1n) and (2.17), will Ix: 
lised repeat oily 
12 
t 	I 2 div n) 	• . (2.31) 
iNe 
 
hole Hom 	1 1 had. I Or 	/ 
LK 
6 	• 	1 	6 + 	((iv d v
61) 2 	631 
+ h 
JAI 	2 J.',1.)6n 
v ,' - 	 +div 11) 	. 
By (2.7) and (2.11) 
62 r 
in 
div H - div h 	- 	+ div n)div b 
v 1. 	
:`; 
	div h + (i + div n)div )1 	, 
and it fonows frf:m (2.2) th;it 
2 	n 
Y:'-• 	0 , 	 (2.32) 
con4.1 it ion t2. 3.7. ) 	VT 1 1 t 
(2.33) 
whcAv 	i 	pnlmic!or hcArin 	com.tnnt knlue on N h-1inc 
0 	 (2.34) 
From (Z. 31) 	 hrivc 
6 
[ ( q ) - 0 1 	, 2 , -(1- 	+ d i v 11) 	! 1- - 	= (2.35) 
Again from (2.11) we may writ 
K (NV it + 	-F 	) 
	
(2.36) 




(2 , 37) 
Finally Vde write 
( 11 	) - 	.)() 
	
(2.38) 
and it followF. from (2.10) tilt L2.2.5) that 
8i 0' 	 (2.39) 
3. 	lur I:.\-;F 	o 
We remember tha the vector-lin(s of s are the orthogonal 
trajectories or the sarface:, on v.hich the '2j:re= line abnormality Q b 
 (or T) bears a constant value. A special case arises when the vecto - 
lines of s are rectilinear e thAt these surfaces are parallel surfaces. 
We obtain a motion whom steady stream-lines are circular helices. A 
rather careful analysis is required to show that this motion is Impos-
sible for Navicr-tol ,. es fluids. 
When I/ - ( it ft (j\r  Frm (2.2')1, since I 7 0, that 
()-Idiv b 4- ouliv n  






hence by (2.1)F, 	anj 
(3.4) 
By (3.2) 	- 0 ,so on applyin! ,  (he commutation Formula (2.8) to 
and using 	 obtin 
(3.5) 
e ' By t./...)) 	toe vani.shing ol 	implie!; 	-- 0, which is the case or 
irrotational motion which is oiscouwed. tVe therefore have 
H 
	 (3.0) 
Taking the directionnl derivative of (.'..11) with respect to n using 
(2.10) and 12.28) we have Cor r- H, 
60 , 	3-- 2 4 ) - 0 
211  
(3.7) 
and since 1 is non-vanihing we OTC ttie from (3.() and (3.7) that 
(3.7) 
and from (2.1) and (3. 
w div b 	(H.) div 	0 	 (3.8) 
For (3. 1) and (3.S) to Hive notr-:,ero values of div b and div n 
QUO must have 
- U 
which is i:m ,,Jsible Cor non- vani!-;hin!; 	. 	iVe conrlude that div h and 
div n must I n .' 	it al!pers rium 	(7...e:U), (2.221, (2.24), 
(2.25), ( -3.0) and (3. - ) 	that U U and 	and also the velocity magnitude 
V arc cow;t zin t 0:1 thy II'( a1(; 	)11; 	to the vector lines of s. The 
conditions C.1), H.5) nod L2.61 roduco tt 
curl  
curl ri 	 +1!,) 1) " or?.. n n 	(1' 
Writing (3.12) in the lore 
curl b -1 I) b - 	b - b 
where Kh is the carvrJture DI I he hline and 1) 1) is the unit bi-normal to 





The principt norma_t n h to the b. lineH . bh :Nlb=nxh- s. Thus the 
b-lines are 	esic.,- on 
	 WhW4: noritol is s. The tor;ion 
T h of the y-lines 1 jven by 
Or 
N • ) , r.id N ii 1) 	I) 	I) 
 
 
-- 	I) 	• 	ttt 	II 
1 ) 
F) y (3.15) . 
Using the expansion For 1 , rad a .;oo (If, 7(), Appendix), we obtain 
4 	 by (!..,')) 	. 
Thus 
(3.16) 
The vector-lines of h (stream lines) are curves of constant curvature 
and torsion, they are circular helices. 
Equation (2.1)), which 	the (lals equation Fey the surfaces 
orthogonal to the vector 	no r at 5 , red ices In 
Hi - 91 - 	U . 	 (3.17) 
Equation (3.1 7 ) asserts that the Gau , an' curvature of these surfaces 
is zero. Tho first curvature al the surlaces, given by - (0 + IP .), is 
constant over a represent at ivo surlace. The surfaces orthgonal to s 
must be concentric cinitInr 
We write 
ail (3.18) 
so that nt is the angle or inclination of the stream-lines to the 
ger1CratOr'.; of t 	I .1.11dUr.--.. 	 1 7 1 ".111d. ( 3. 1 
theorem of ■ oometty asserts that a family of surfaces having 
constant mean and Gaussian curvatinv i n ichose orthogonal trajectories 
are straight lines mu , ; t- con ,,,ist 0 	'01 centric spheres, parallel planes 
or conceal ii: circular cylinder:- -,. A pr(IAI of tnis was given lov gricksen 
(1954, p. 1Y:; !). 	In the pl -cent ice !he surlaces are develepables. 
The Family iHILA consist of parallel 	or concentric cylinders. 
tart if they miv PI;Jmc we vonld hav( !H. and this case is discounted. 
The surface!--, liAi:;t he ceacentri; 	1-..u1,11 . cylinders. 
We write -- = - :•!- where r 	the r 	us adi of the representative -- 6s 
cylinder. The conditions (2.11), (2.16), (2.17), and (2.21) reduce 
respectively to 
• 	- 7.,"( tan, 	i• , h 
00 
1 - 4 15 - - 	" 	tan"ci f 	, 
or 
Dtp ) 	 ■:)1, 
dr 	 1) 








1 . 	1 
(. 	'1) 	And 13.2.'.) we , 'et 
which interates to 
+ 	 (3,21) 
where the coiv.iint ul intkTrat ion 	alr,orhed in the choice of oripjn 
for r. 	Since 04 	= div s, ednatioL (.).2,1) verifies that the first 
curvature of the surface 	- 
From (3.18), (3.1)) and (3.24) wk.' se( 
1 







From (3.19) and (..22) - 
Dip , 	06 1 '0( .4 cosec",A. 
dr 1)  or 	 + cot): +
-2 
or, substituting for r 
from (3.2)) and cancelling C. '  we obtain b 
or (3.28) 
We may verify that the same restilt follows from (3.18) and (3.21) 2 . 
Since the stFcam lines arc steady thc curvature 0 given by (3.26) 
	
is noL a tunction 01 Lime. 	YU concl0d , Irom (3.23) that 
log v 	0 
	
(3.29) 
The vorticitv firld mir..s,t be a sofution to the three scalar 
eq0ations of motion ( . ) 	lye have satisfied the to conditions given 
by (LS), but v.e ha ,* yet to 














































( 3 . 34 ) 
(5.35) 
(3.56) 
From (3.26) nnd (3.27, 
(3.37) 
Substituting those expres s ions into (.3.34) we get 
10 
CI111. CUll W 	- ii 	h (3.38) 
Substituting the expressions (3.32) - mt, (3.38) into (3.30), we get 
Ih 6 (3.39) 
The conJition 	(2,..L)) and (3.391 :iro incompatible unless -o = 0. 
Mc motion is thuF, hilpossihic 
22 
4. FURTHUR A1ALYH15. A R,N.IC !NTEMT. 
'lice case 	C having been deal l: 	hV 	hence forth require 
6T 
that K / 0. We are reminded also that 1 and --are non-vanishinci to c; s 	 - 
discount irrotationai 	and Taatian motions respectively. 
Taking the gradient of (LH) with respect to II usin (2.10) 1 , 
(2.13) and (2.28), and replacin y 	h 41 v 	(v0) by (2.31) we obtain -  
on reduction* 
('', div b •,' -,L--- 	,.! (il + 	(0 o) 	1.' 	,,. 	t iv' 6 + (17: + div n)div b  ml _   
, 
 
(utu 	t, 4. div n) - 0 . 	 (4.1) 
We mar 119W tAC the 'I .adh_Itt ot C.:01 Hth respect to s. 
use the commutation i ormul(2.8) and (L9), we use (2.15) and (2.18) 
to ('Liminatc - 	di 	;Ind 
	
d i v h, ue use (2.31) to eliminate 
--- in .favoLir 0 1 	H , r 	w il Iv '.'e imc (:.30) to el iminate 	(n + dlv n). 
(311 on 
(4,I) 11 1 :1 y  b 	(,!,( 	in,.,1 liternat vely by m- itin!) 	26) 
pis 
log K + 
TIVe then inn IL') 10 	, 	by 
using the cinimutation Cormula 
7 , 2 
t 	6 " 7 replace And 
reduction we check (4.1). 
On reduction we obtaia'' 
( ■ )1 -u) 	div 	 (t; 	,;• -f 
os 	 k.,r1 
div b + ft + 	D)div 6t-t 





) - (41 . 1 + 	1- 10-)div 1) + &L(K. + div n) j = 0 . (4.2) • • 
6 	• • 
We may eliminate (qp-o) from (1.:1 in favour oF ----- by (2.31). 
on 
We may see 1 . 2 as an expression ror the product. Oqii. in terms —6K 
(Sn' 
( 1 1) - 1 ) 	- (div h), 	 di 	a, 	, 	and div 1) , thus 
(Sn 
04 1 	di 	 div h .• 	( 6- ••0) 
+ 
	
di v 1) i- 	+ (11.v i)cli v 1) 
	
21(div H + 	die  
721 	
i 	h 	(FI (I" 4- 	i 	 . 	 (4.3) 
rmul a (I. 2) may 1 , ' ol ta i iod alternatively as follows. From 
(2.12.) we 1511 Ohl ZI !I all C \111e5F -Hon h o 	. ' 	IF we take the gradient cn4 
or (:.L) kvith reTcc: to h 
	
exprr. ,ssioa for 	• Hsing 
the eornlytat on 101`71U1 	-y) ;Thpid to ii ve then 1 , et an expression for 
PV 
Tii-g+- • 	
;idditi om 	gu t :in u\pru.,H h f,jr 	(0+1) 	Also from (2.12) 
and (2.24) we have an expresina for 	(o+110. Taljng the gradient of 
this i ast 	 re:-TeL I to n and using the previous expression 
for 	 ) we , )htnin 	 t ion (4.2) may also be derived 
jfli 
1r7 startia. 	:11,1 a" the 	 td" 	_18) so till respect to n. 	'rims 
we I av 	1lech 	um (i..!). 
A third eondition o this order i!-; obtained by taking the 
directional Jeri vat ive O 	..."1 I wi th respect to s. We use the 
commutation formula (2.8) applied to 0, and apply the formulae (2.11) 
to (2.19), (2. 21t and (2.261 as rekiiii red. On reduction we obtain 
- -div b 	(-(-2;) - 
— 65 
4 6K d iv nIdiv h 	+ 4T 	+OK 
Os 
   
`IK 
) 	I 	()iv 11 + (Yi (0-10 (ti- 	div 
(10J - 284) 	 . 	 (1.4) 
He now. 501)1 ract (1.1) from (1.1). 	t,:e obtain* 
2 div 1) 	( 	+ ()) 	 div h + : (K + divn ) div hj 
+ div b 	- 21 - 	(0- 1)) (V + div 
16 - TK(0-- 	=  
	




div 	n;  
(1.H .110 hl 4)1)1:liwd by takd u 






2 ()iv h 
- 121( 	j 
The cord i Lion 
oh 
bY 	I 	His serves as a cheek ---'-- L-( ) 	 4'1 
01) (/l .  I ) ;Inj 
The condition (1.5) is significant in that except for the tetm 	4. O 
which will eventually he eliminated, it C)ntain 0 and ip as the 
single variable 0-q). 
Adding (1.1) and (1.1) Ix olAtain* 
.TT , 	L C, F1 




4 	)- 	(0 	10 , : , ) 	 (4.7) 
and 	is given by (7.3S). 	Ii is condition will subsequently be used to 
express 	in tc.riiisci-,- 	ni:, ----• 	 , 	and div b. 	We have 
t irq) = • 	7 4- h 3 
div h 2 	4K- ,, • - on .) 	I 
9 
	ttt H 	 (4.8) 
*The con(Iit:ion 	L1.7) may he (4)tained by an alvernative more 
cII cuitous cGute as 1 -o)low. 	(2.1(,) and (2.17) we have 
(‘,I1 
,, 2 
0 -4 d 	 1.) 	 JOT 	a) 
while from ( 7 .L) 
(:14,n) 	• .Th , --01div h 	F2.1. (yr + div n) 	1) 
We can obtain the (ondition 	arpiviwi, the etvimutation formula (2.8) 
to 0+i;.,, using the above expresiens and reducing using the formulae 
OC Chapter 2. This starves 	a further chuck on (4.1) and (4.4). 
A polynomial interal Amons?, the variahles 	dIV b, 	K, T, 
and K 	div n May now he ebtailicd by taking the directional derivative 





_ u 	4 	V. (I]\, 	by 6s6b 
6K 
Substituting for T6 from (2.11) and then using (2.23) to eliminate 
so 	s 65 -'div b we obtain 
+ 	(.iv b 	':'-''' + fq- 
,.3b 	i''s ( 
	
...., ,,s div n) . 	(4.9) 
Again by (2.7), •2. U)) and (2.15) 
7 
 ft = 	I 	+ 
r:Shr.-, n 	• • .)711 
diV 0) 	div h 	(1-0) . 	(4.10) 
Front (4.9) and (1.10) 
■'; 	 r A 	 , p 	+ 	 , 	- 1) 	(4.11) 
and hence by (2_10) And (d. 
oF 	
div h ! - 0 
	
(1.12) 
Using (4.7), (2.11.)), (2.11), ;2.12), (2.21 , (2.25), (2.29) and (2,39) 
we obtain 
[ 2 	IL 5 
	 I1 tidiv ',.,,r 	8-1- 2 
!..)(o-ndiv lif 1„.1( 	• div n) 





12 1 (-0)div 	6T(K + div 10] 	, (4.13) 
and final -1y frorA (4.7), (4.12) and (4. i731 We oh t a i n, on reduction 
2 (div  
- 	 I 	 t 	'0 . 	 (4 . 14 ) 
This basic r(!lation xprescr's 
	
di n) explicitly in terms of the 
parameters 	, 	:1H4 div b. 
We may nc 	ake the directional derivative or (4.]4) With respect 
to 1) and ohtain WI evi dicit ronflnk! rol 	 div n). We have 
1 	 c-2 K (di"V 1)1 2' - " I (ii I F 	4 ,(0 - ildki (div h) - P;1 2 (1- 	+ div  61) 
10 4' 	21 - 1 	4 3(I,i-i'i))div h. ) 




[21, - 	div 	- 	 ,1 iv b 
9 	 6 
- 6[3E:- 1- (I, : + di v n) - 0 , oh 
and 011 snhstitut..inr ler • 61) ' 
(2.25), G.29) ;:nd 
h and ---'.— from (2.11), 
61) 
2 	2 6 	. 2 
+div 1)) + 12T - 	)(:. + div n)div 
2 , 	2- fn 	 (Al LA2 HA (0 _, ) , 	div n) + 	(div h) 3 + 	) (O .-11))Tt,u1V b) 
- 241 (- 0 	+ 	.L."Hv h ( 	- 	0-11.0 
) 	2 
W - - ) + 3 ----- 	16(P : , )div h + ;6[0. + div nj] = 0 . 	(4.15) 
We note that the integral (1.11) 	he ,,, ritten 
T(3t. ± K
2
) 	 h + 	(1, + d v „.„ 
? 
: (div 0,11V	- 	 'i: 1 (0-4;)(11V h . 	(4.16) 
We iNito the last term on tiw left hand side of ( . 15) in the from 
i„0-;,)div H 	.1 - 4 
- 2211•.(9-- ,;)¶ 	dlv h 	tHL, 	di k , 1 01; 
and 1,;nbstitute For th' first tem Ihc e\pren (4.16). Since 	cannot 
van ish it un v 	 t )1 )t in She fou ra da 
30 
) 	 ? 	. 









) 	 3 	
3 7 + -9y + rr.) 	)U div v	 div h 32T v. (0--q)) = 0 . (4.17) 
According to (2.20) the term , ,11 	+ div n) may be replaced by 	div b 
in (4.17) and ail other relations there it occurs. 
We m0A determine now the condition representing the directional 
derivative oi ( .18) with respect to h. 	11 . in(.' (2.10) , (2.11 . ) and (2.12) 
we get 
- div h 	div 	 div h )-(Ss- 	 6E) 
4 di v b 	 + div nil 
- 21 
6
) -) 	4- 	n) 
	
(4.18) 
Also by (2.8) and (2.2)) 
div h 	div 1,4.1 	H v h + o 	div b 
6-bOs = 	 01) z.o.) 
361 2 , (di v 	_ 8i- 	 - 	 div n) e, s 
+ 	div 1) + 	div b 
.- • 
(4.19) 




and (2.29) and elimilmtino, 	div n (z1.1) and reducing we get* 
-- [6'1 (0 	 dic 	+ 361 	vH 	n) 	(h , - 6 div h  
,\ 	 s 
a 	 61- • + 21.Kdiv b - (16 h . f 0(0-Hdiv b + 72T (r. + div n)) — 	(Ss 
7 
+ 10 1K (K 4- div n)div h + ;i.to Hi) 	(div h) 
-12r 	(th-0 ) 	+ v 	- 12.T' 	1i 	h- 241.2 (2G + v) (K + 	n) 
+ di -"K 	u 	. (4.20) 
6 	I 	, * WC,' note from U.. 	, . 	; Lnd ( 2 	 c') that 611 - TK (SS 
Tf one evaluates this expression sing 12.11) ond the appropriate formulae 
for the gradients, one obtains the condition (4.21). This gives a 
check on (4.20). 
5. 	hM, IA 1 
We now prove 
111 ,14M.1 	 141' 	r 	----- 0. 
Ice gi..ner te lour pit1.vnemia 1 et 	t ions -involving the variables 
rt.; 
(SK 	(C) 	,t11 v b, 	and t 	(h a t we can eliminate 
r: 
;^t). ' 	6n the three va a 	, 	 and div b Cron these conditions. 
We show that Iliere exist a homnypiteetis ptilyilONial relation in the 
three vari le:=, 	attl 	 cannot vanish, the functional 
relation I 	)- 0 lollows hv divi ion i v 1 to a power equal to 
the total degree („,r t he polyn mil al . 
We make I he mune 	, :(11)•.t i tut inn: 
,O 	"i7 . 	 (5.1) 
At no stal.!,e in the elimination is the deree of the expressions in 
or (0-,1), or di v h aI Ic.TtoH h ■,• those substitutions. Cnmplicated 
on' 6n 
functions of tle.:‘ variables () 	1,F will he represented as numbers. 
he arrive at tko alehraic euuations in div I), vith numerical ceeffi-
cients. 1Ve ';lm: that the eliminnin 01 div h from these two equations 
does not vanish identicall•, hv showin that it does not vanish for 
the above values. t):e do Oil! hv verifvin that the two equations do 
not have a common root. the ri,luired condition then follows from 
the requireEvut that the eliminant mH.,1 necessarily be zero. 
For the particniar values (7, .1), the conditions (2.29) and (2.31) 
reduce respectively to 
n- div h = (die lJ( d 	.;() 	d V p) - 8 , 	(5.2) 
and 
-11 •! 12 f2 	+ div n) . 	 5.3) 
Ihe condition (4.5) becotile:; 
div  6K 	 i + ( 2 _;4 div b 	(c)-0) 	div (Ss 2 	.'n 	2 t')r) n 	3 
div ni 	- (5.4) 
The conditions (1.3) and i1.8) become ivH;pectively 
604) =4 	div 
on 
4 2 	div h + (K + div n)div b n 
+ 	div n) 	.).1(div h) - + 	div h + 150 , (5.5) 
[
11) , ! 	( ,_ 	4. 
It 
1 _ 	+ 109 div b + 18 
'the basic integral 	1.1 ,1 ) takes 11R , form 
div 11) 	kIi 	h) - 	10s div b - 114 , 	(5.7) 
and b 	r it 	Ii 	we 11:ive 
56(12)50(12)(i + div nl - 	1.(v b1
1 
- 7)92(div h) 	+ 1008(dly h) L 
	
Si 	l di'' h + 20730 . 	 (5.8) 
Prow (4.17) we hjVC 
((112)(K + 	n) - 	IK 	div n)div h - 288(K + div n) 
4 3 -/(div h) 7) 	328(div 
:4(3'.)div h 	. 	 (5.9) 
On multiplyin!; (S...)) by !lt) and eliminAtilT (e 	div n) by (5.7) we got 
50(56)(121 	G + div K) - 
	 I' 	f 40!21div h) 2 
100504 V b + 1004 . 	 (5.10) 
We proc('ed to derive the !our hac relations required to prove 
1.emma 1. 
Re1atiou i 
Sulvtittbnt the vA166 	!.).H 	!b6 expre.ssion (4.20), and netirw 




We got, on using (2,26) 
[6 div  b + 30(K + d iv n) 
	
+ 	cliv h 	(0-4)) + 2 	(K + div 1o) 
di V 1) 
+!16 + 	di); b 4 	+ d iv n) 	+ -2-- + 2i 	1- 2 (d iv 1)) - 
- 12(0 + I1)div h + 10( 	d iv n )(.1 iv h 	24(20 + y )(K 	div n) 
+ 4(0 + /pi)) 	0 	 (5.12) 
Multiplying (4. 1) by 0 iind imking the 	tut ion (5.1) we get 
6 d:iv b 	(." -0 ) + 24 	 + 	 %.T Ti) + (K. + diV n)div b 
+ div h 	(( 	1 	1141 - 1:4) 	- 30(1-. + d iv n) 	0 	(5.13) 
Subtract in); (5.12) and (5.13) to el 'minute 	(1) -0 ) we get 
35 
16 div b 4.30 	4 div n 
(
s 
21 	it -0 ) - 4 61) 
 (K. + d i.v n) 
n  
8 L.; 
28 	+ div n)di vL + 	v 	- div b+ 30(',.. 4 d iv n) 
0 
+ 	(,) div =21 	4 	v 111-1 	• (3 (5.14) 
On substItutim , 1 Cer 	lt 	(!,.0) c 
6 
- 4 --(( K 	div n) 
S1) (6s 	OK- 
6K 
   
(liv 	+ 	 n) + 	611 6.1; - a 	+ 464(y, + div n)d iv b 
328 + 	n) +- 	--- 0 . (5.15) 
Substituting for 
	
from (5.d) and using (2.26) we obtain 
div .1) 
	
f ,;() 	4 d i V 
S d i v I) 	31)(i: 	tlit' n) 	 tr 	b 
) h4 div h + 	•1(, 	Iv n) 4 I-1-. 9 	I' 8 + c. 	 ' - (I) -{) ) + 394 (7 4 div n) div b 
- 18(W + div n) - - 321(4 + div n) + 70(div b)2 	686 — 	div b 
(5.16) 
Final. I yel iminatine 	1. di v 	and ,-- div b=
On 	
+ div n) in 
.1aVOLIr of div l) using (5.7), r„'. -).S) and (5.10) tce obtain* 
*Tn pi-csepting this development we have ;Tide the numerical substi-
tutions directly from the beginning. Originally however, the condition 
(5.16) was obtained in g,eneral Corm with the variables 0-tp, r, K and 
r.:"" InaintainelL 	airk‘rical values were then substituted in this expres- 
sion. This gives a check on (5.1(x). The rcduction to the form (5.17) was 
checked by setting div h - 1 before and after collecting terms and ensuring 
that. the same :',UPS, We CO obtained. 
37 
(56) - 12220 (div 11)
3 	210(div 	+ I 1O2 div hj 
(Sn 
(56)' 16216(div b) 2 + 672 div h 	22400]  611 
- 119425(div h) 	1 , d)F, Ot.)(div h) 1 + : . '-i972816(div b) 3 
470272 2001 ?0120 (d v h) 2 + 6:A799552 div 1) + 	 = 0 (5.17) 
Relation 2 
We propose now to tal:c the gradient of (4.5) with respect to b. 
2 
61) 
A second expression for 	I 	div n) will follow from the h-gradient 
of (4.17). Yrom these two expressiow; we shall eventually obtain a second 
relation of the one ml form of (5.17). 
To facilitate the al , obra we write 
- 	( 1 1 ' 	4 e' n " (5.18) 
Then by (:.33), (1.9) ;Ind (1.10) 
h 
	ti v h!I 	 (5.10) 
where 1-1, sIven hy (2.33), is constant 11on2 a h-line. 
03 in 	f.33I and (5. I 1 we write (4.5) in the fo rm1 
. 	_ 
Noting the cond iton (2.20), we will obtain an expression for --
2 0( 	div n 
I). 	 o 
2 div h in- - - 1 (1.7 + di e rol 4- -). 
- --- 1 
cl iv n) ± 4 •[r, 
38 
_ 2 	.; 	[- 	(1_r 	div 1, 	!J.( 
	
(,-, 	
[[[ 	 i div To 
= 0 . 	 20) 
Using (2.11), (2.25) and (5.19) we ct 
2 
6
- div 	K(K + thy n ) 
+ 2 div h -21.x thy 	-z- (r 4 div n) + 	div b(K +div n) 
- 2K di v 	- 	+ di v n 





• 2 (1, - 	div 	+ SH (0 -•,Y)) d v 1) 	2 	+ (0-11,)
2 	
- div b 
- 18] 	K 	+ diVn)iS 
	
d iv n) 
6-1 	2 ' 	16 	. [-- 	 4. W .- ■ :011} 	div() .") 
tit ing I the expres.ion (5.21 ku „ div h, replacing 1.1 by the 
expression S. 	and ropl ac 	NY 	1Y c.Tr(2 3 sion (.. 1.3) we geL 
2- 	 + div n) - 12 111 . 	(m-Hdiv N+ 	(K + div n)1 
- (Sn 
- 2 1K. 	v N + Ni N H. 	 • 	+ div n) - 2(r + div n) (div h 
1 	
,) 
- 121 (uill( 	+ div n1div h 4 :' (G - 0)
2 
- S(T 2K 	(K: + div n) 
-. 40-0 2 (div 111 - 	( 
124 
()-4 , ) 	(0 y)div b 
+ 10 1(00) - - 	= 0 
Substitutia the particular values (5. 1) we then obtain* 
2 	(K + div n) - 2(0 div h + 30(c + div a) + 24) — 6 6b' 	 n 
2(diV 10 4 6) div n) - .;.( 1 	div n)(div h) - 
('‘,0 
- 12 ft 	div old iv h 4 10h 4 div a) - .1 (div h)
2 
	0 . (5.21) 
Taking the directional derivative with respect to h of (4.17), we 
have 
*We note that in the specidli:ation (5.21), the coefficient or 
div b and the term independnet or (L + div n) and div h go out. Since 
the Final required expresHon 5. 11 a. ehtdined H eliminating F---2 ft + div 
h 
between (5.211 and (5.2.!.), t. 	linear - in div h and independent of 
div b are maintained in the Final ve:=ult. The order or the final 
expres:;ions in div h will Not he dffeeted. 
( 
40 
-( 13y + "1 - 
	 + 	div n) 
- 72 	(F 	+ dlv 11)(1i v 1 	- dlv I) - 9( . 0 	div 
1 
1)  r 1 
1‘, 
.-) 
+ 	-12 f. ! - 
.`.1) 
div n) 	 (I 	div n)div h 
1 
- 288(0-y)L . 	+ div n) 
	
- 4 	1 d iv 1) 
+ 1.0F (0-c , ) - 1 (div 1)) 	+ 	(div H 	i 1  
- SS4 	t 4 div nI 	1 	)d iv b 
+ ( 	)1(d iv I)) 
	
Hdi v 	2x81.- 6' kir , 
• -- 	 + U 1 ., 11) - 2 	HO" + 
(,• 
+ 2( 	• (.) 	1;1 - l(-) 	V i) 4 ' 	 ( div    1)) 	(div 	. +,1) 
iIi 	lift' 	ow; 11. I ) 	(2.25) , (2.29) and (2.39) 
r.: 
for 	 — 	I) nrld 	-111(1 subst itut iii thc particulz÷r 
' 	h 	' 
values (5.1) reducing and dividi6 b\ 2 tv(' et* 
6
2 
336 	ft + div n) 	- (216 	1329 div 1,) 	(K + div n) 
— 6b 
6h , 
+ d 	11) (CliV 	I 7 3H! 	di V 11) - 




+ 832(div h) - 4 5200 div b + 33R4 .  
Multiplying 0.2.1) by 168 and eliwinatiny — 	+ div n) between (5.21) 
41 
4 
and (5.22) we then ohtain 
- 336 16 div I) + 366, + div n) + 211 
- (1556 div b + 2232) 
	
n)  3672 	+ div n)(div b)
2 
—• 
+,177 7)0k 	!Ii)," 71) - 	LOHU v nIdiv 1) 	29136(K + div n) 
3t 	iv H ° - e62(div 10 2) 	uHi v, 10 	5201) div N 
+ 	U . 	 (5.23) 
coiU i t ion (5.21) and (5. 22 ccic o!)t 	nod ill two ways. 	First 
by making 1 he numerica 1 	i1 tit ion tor 	K: and 	at the outset and 
collect 	 and then 1w col loct i+w terms to get the general forms of 
(5.21) and (5.:.2) before 	 numerical values for the vaniables. 
We al ! -,0 note iha t the c:IncHivd 1 :c (ni U n the derivation of (5.22) 
IS a runnericni Inc I or in Ole genet 
Finally, sih: t t it i1L the expre.sion 1 	(5.8) and (S.10) for 
(K + div 	.:ind • ,• 	+ dft n) into 	 reducinp, tve obtain* AD 
7 (5() (48) I •.0061 , 1iv 	7 ,1 di 	- 	f:L + 	(i6)f0:1 (EV I)) 4 
+ 391036(div 1)) 	541S1162(div 1) - + 17F,3276 div b 
- 1065292S = 0 . 	 (5.24) 
Relation 3 
IHNtion i 	tined by takin the directional derivative of 
(4.14) with repe47t to 	iKO  l._1..101 and (2.31. ), ) we see that 
(5.25) 
Using (5. 7f 	aod a I !- -,0 lw e \pre .,t-: ion ( 	for 	(K + div n ) 1,1 0 have on 
[ 	
2 	 is 
k(d i v b ) — - ( 0 - , H ci iv ) -, 1 - I ; H( , 1- di v n 	20)-0  
div N 
, 
. - I div h)- 
2 
3(0Hd IvId - it 	) 	 (I 1 ■1 n) 
	
ricH 	'Ni 	011 	 1)), coiqirui, 






f- f - I 1 - 	- 2(div bl - - 	- div n)' 	t 0 q) - 1712
I 
	
(:o - 0d -iv h 4 1Si 	4 div nll 	- 0. 	 (5.26) 
Using (15.o) to eliminate C) , : , From 	and substituting the 
special values (5.1), :e. obtain on reduction 
b) - 	divi • 36([ 	div n) I 8 	(ti)-0) 
6n 
2 	 (S 
+ ( 5; !iv 1)1 - A 0 div b - 	
K 
1,-.( f 4- div TO + 312 7- , - _ 	on 
+ (74 div 1) + 116) 	div b + 2.24 	+ div n)di.v 
- 1341(div b) - 	07:t ■ 	div to - + 25088(p: + div n) 
+ 4052 div b + 5576 - 0 . 	 (5.27) 
Substituting the csbresion (5.7), (S.X and (5.10) for K 	div n, 
(K + div ti) and 	div n) 	div h into (5.27) we get* 
21 
As a check on (t1.2.7) one obtained this condition first by 
specializing 0.20) and tt,-;ing (:).SI and collecting terms, and second 
by obtaining the general tom of 6.271 1w substituting the expression 
(4.3) for 	into (5...!(,) re,lucin; , , and ';uhstituting the numerical. 
values in the tinA form. 
The numerical reduction to S. 	-'r checked by substituting 
div b = 1, he tore and alter collectin terms. 
l4 
336 	b1 - - 212 div N + 101 	(L 
f) • 
+ 330 12.03S (div 	- + 111 div h 	170101 
On 
4 
- 1875'33 (div 	I . 
	
(div N) 	- :295461 (div h)
2 
- 950730 div h .1-0;71M = 0 . (5.28) 
Rulatioh 
This condition is dorived Flom thc directional derivative of 
(4.14) with Fospect to s. We no lo Irvin(2.38) that 
2 
2K - H os 
(5.29) 
Using (5,21) and the e2wivssions (2.151 and (2.18) for —( + div n) s 
, 	– 
and ((i N, toe obtain 
us 
I , K (div b) - - -1 1! , + 3(0-q , )div b 	- 11 - {! 	div n) 




- 	(:- -  
-- 6s 
   
11 , -8-r! 	 - 	 iv h(!-: 	) 	(3r, 	 + (I 	11) 
-- 	6 S 
7 
4 	- (div hi - i 2, , 	:OW  
- 	I2L -t(J 	+ ,liv I!) 
+ 12i. -, 	di v NI , '; ')11t1iv N 	2t 	f (Hy n.)1 
tii3fl + 	-1(4 	div I) - (0-1,) r2r 
+ di V n11 - U . 	 (5.30) 
On Subs 	lig the values (5.1), and liar; 	it inn, For 0-q, = 
(sK  = 	 - - (Ss LA. 	 -reduce (:).: , 0) to 
(„1, 
2 [-111(div bY + 102 div b + 084(K + div n) + 808]q) 
+ I-2(div )y" + 111 div b + 30( 	div n) + S1 	(11)-0) 
6K. + [37(div br + ( div b - 12.( 	4 div n) - 13( 	( ---- + 0K) 
U S 
+ 172(d v I)) 	1 clik 1) 	'()10( , 
	div n) - 5761 6s 
+ 118(). 	div n)di v 0- 	1)) - 	div 0 
+ zi()81 , . + ci 	+ 	- U 	 (5.31) 
45 
. 
uhst tut in ‘ 	or 	I - 1 	r.). II ) ;Ind 	1 Frow (5.6), then eliminating 
, ■ , 
(i1)-(I) in Favour 01 	hv 0.3), v \ 
- 	 (d iv- 1)) 	+ 	(div 
10.)072 	. 28663 	3 55033 
	




-,.--f- OK +- I 
OS / 
C 
59 	' 	 - 	• 	1976 	6 + 	- 	-..-• (div h) d v h - + 32e 	i 4 7,0I2 	+ d:v n) + ----- -- 
hl - -4 111 div h 	30( 	4 div n) 	81 ---- 
— 	 6n 
11:',596 
+ div n)div 
9968 	 9680 
d 	n) 	- 0 . 3 9 (5.32) 
Using S. .1) to eliminite 	4 0! irom (5.32) we now obtain* 
1 407 (div hY 	58 div h t 1012 	div n) 	5514 	6 3 6n 
(d i v 
	 1126 	• hY  -I 1( 	(div h) - -+ tom) (!: + div nd Iv h + 	d l v 
+ 36(r +H . n( + tt1''''' •',11 
*One also ohtnined theener[:I Into ol (S.33) by substituting the 
expression (2.11) lot 	and (1.8) or 	into (2.30) and collecting terms. 
Then 	..0.-as ellmnated in Invour oi 	 div b and Lhe 
curvatures 11-.111.,, (1.S). 	the numerical values to 0-0), T, o and - 
We che:ked 
Once 43 Iii Ike reduction to (S.311 too 	hecked by the device oF setting 
di v 	- 1 1 ,e1 .o00 and :iitcr col Ice) i ntomw-„ 
71 	. v h) - 	1 
[ 	
734] 6 	h (di 	F 00 div 1, -4- Inua(, + div n) + ---- --- uiv D
—  3 	6n 
3119 div bl 5 5737 (div h) 
1 	. ,2 b - 00300 	0 ( 4 1 V n )
2
 
150 (1 4 div n)( kliv h) - + 3,,1".;u0 	div 	h 	912(K + div n) 
1136 
3 (5.33) 
6 	6 Eliminating K 	div n, (K + di‘ 1 'i and Ou  div b = 6 b (K + div n) n  
from (5.33) using (5.7), (5.8) and (5.10) reducing, and dividing out a 
factor 8 we get 





=0 div 	t:1161281 6 
- 15580005 (div h) .) - !26H97:.(div h) 1 + 1382504976(div 
- 2 8991 
	
6) - + 	5103008 div h + 915204224 = 0 . 	(5.34) 
This the final relation i .cquired to dewastrate the Imma. 
We rov now climilvite 	-0) het‘,:ocii (S.2$) and (5.34), Le give 
the exprossi'm'' 
510,1 	6) 	4 	I t 	 (5.35) 
*The (7:ih . .tikiti011:- I c ,:tal i nn to (5. Y.)) ,:ad (5.11) were checked by comparing 
sums tor div H 	I, h010re and ■Irl(T c()Itetin terms. 
48 
where 
pA(5) = 20424 div b) 5 + 120890088(div b)
4 
 + 44029376(div b)
3 
+ 1474800000(div 1)I - + 250702240 div b + 3807307776 




1331608168960 (div 11) 3 
+ 1438336672768 (div 0) - - 2093508049152 div b 
4 2033701011456 . 





1 7 ) 7, 0 	 (5.36) 




- 4153356(div 12) 
157726848 (div 0) - - 21000100 div h - 304598400 
and 
(4 1) (7) = 677(1550 (div b 	+ 66752490488(di 	
6 
v hI + 09323045568 (div 
t 218601770392(div h) 1 t 562821130456(div 0)
3 
-033885792256(div 1 ) - + 1125301999872 div h - 842975477760 . 
The remaining condition (5.21) can he written 
1;6 ( 	1 ) t 1 ) 
	 I 	ci.(i} ( } 	, 
	 (5.37) 
so climinatilw 56(81) 	between 15.35) and (5. 37) we get on 




qA(7) - 0 
Writing x = di I ,v 3 we obt,lin as the expanded form or (5.38), 
(5.38) 
[2553x 5 + 115111261x4 	)U62 	1- 181350000\ 2 
4 x 115566:.!7x + 132S012x - 
 • 
+ l805181x 2 
+ 31345280x + 475913472] 




1r.;3718! 1 16511\ 6 - 16611059520x" 
-5 3 27 4 3017104x 1 1 .,-, 160810°0)60\ z' + 1 1138336672768x - 	= 0 (5.39) 
- :693568019152x + 20337010111S6 
The coefficieni of --,-- in (5.37) H equal to 6(56)
2 pc  (2) w-- so on 	 On' 
' 	 , 
we may eliminate 6(56) 
2 ,-jF . i- oetwoen (5.36) and (5.37) to obtain 
( 0 1) - q 	 0 r (7) 	(2) -  
or 
Pr I!)) ifq c (1) 	 11,( .2.) 
3 (1 11(7) =  = 
(5.40) 
With x 	div ) Ihe e\panded knil 01 (: , ..1f)) is 
218664779592x
4  + 562821139456x -) 
633g8579 '1 256). 2 4 1125561999872x - 842975477760 
6776550x
7 + 06732490488\ 4 69325015568x S 
0 . (5.41) 
50 
5 1 	. 	. . -1110x' - 6560220 , 	20/69,..).x. - 78(6121x" - 10803200x - 1972992001 
 x 1155662-ix 
1  + 132801.!\
5 
+ 1805181x - + 5914236x - 3550976] . 
1 
(111N - + 12x + 9121 
Now the conditions (5.39) and (5.11) are quite close. Using a hand 
. 
calculator dividing out the coefficient of x 9 
 
 and approximating to five 
significant figures, we obtain for thew, repsectively 
- x
9 




m 7x - + 555100x4  + I1970x" 





x . + 2375. 
8 	:,531.1\ 7 4 S2()80\ i -W)X 5 + 324970x + 11512x3 
+ 81812x- 1  12117x + 09890 	0 . 	 (S.41b) 
We therefore CNIA. the voots of (5.:9, to he (Mite clw;e to those' of 
(S.41). 1vi use the Georgia Institute ol fechnoloa Cyber 170/650 
Computer progrimwed to douhlo p)t(`cl`lon to accommodate thirty digits, 
for multiplvim out the terms exactly. 	cvlCt values of the 
coefficients ,J:.r• then autewaticallv (Mitered into a double precision 
program for obtaining the root.'-' 









a 1  = 28551SS2S734400. 
a, = 18959)4309396736. 
''OS73032 1 0.5ti3h. 
1 4 	7S2102262120dS. 
a r 	890879d6Z92d8. 
120237153311711. 
-- 
111(60WW.2119, ;t o 
a9 = 	2241015:`:)10. 
(5.42) 
(5.43) 
The rune roots of (5.42) are' 
independent (Med\ s uii 1 	I i Ind S. 	) the wri ter calculated 
the coo 1Cj( CII 	1 81 . 1 99 and L., H, b (), exaet1 y, using a Iriden 
calculator. Also Proicssor J. T. 	 obtained all the coefficients 
to an accuracy or eight digits sF:,.ing :!1! '',1)1)1(‘ reqitter. 
**While the cociiicicnt are e\a , t, the computed roots have been 
truncated, at ter computation, to twe!ye ducirlal places in both real and 
imaginary parcs. 
52 
-287;.:;': , 1 	 p.Goono+Amp000i 
0. 	(1)3l ;2 i2 i;),0x.3.7.85 , 146i 
0.6)3003 2 17621 + 	08.;-2831doi 
0. S7053315.7045 - 
8 -, 0S.31 52013 - 2. :)•901f) 
0.3 1,Z0Vi10106 - 2.900102978302i 
- 0.312.08W31010o + 2.9001f:0978:m2i 
- 0.077,17 /567060 - 0.2.923211155171 
0.0/5177S7060 + 0.29 .152111! -)31 -/i 









h 	- -11S2200i1321S5(.). 
h, 	-708SW.;926140511. 
- -112325297127 ,.121, 
b - -3170668306391n1. 
h, 	-3::;9(67,07:66S61. 
51104421'..-682i0. 
0 - 	-7'05(J0100S192, .  
h - 	-97S6SS920. (5.46) 
























Comparini, the lists (5.11) and (5. , 17) we see that the roots of (5.39) 
are clearly distinct froeer the roots or 	. 41) .* 
We conclude that the eliminant DI N from (5.39) and (5.4) does not 
vanish for the pat-tic- Hi:if values (3.1). 'd a is it does not vanish identi-
catty. It is thus possible Io eliminate x from these equations and 
obtain a homocncous polynomial in the VariabIL, !.:. 1.) 	, 	, and . Thus 
(
there exist a rel.ition I 	, 	(1. This proves Lemma 1. 
mtOt note [or coovarion - 	 the lists of roots of 
equations (7.15) and (7.19) whore the three common roots are evident. 
6 .A.flhi.1iI ()NAL CONDIT] ON S ROM Li '1, INIA 1 
With the existence of the functiorNi rel 	
(
ation f -'=, ©O 	- o 
T 	T 













0 	 (6.2) 
 
Expanding (6. V using (2. 10) , V. 1 1) and (2.25) we get, since T 
and K do not 
diV 	 -  ;41 	 cti (6.3) 
Expre:_-;sing 	in tern; 	 INy 	) we I r;tris Form (6.3) to 




- +K (K+divn) I = 0 . 
(6.4) 
From (1.2) and (6.1) we obtain 
  
55 
2 04) i' • 1 + (y. + div n)div h 
' ''' 	 '  
 
   
T -24(div b) - + SKO,. 	
7 
div n) + 150T - - 604) 
	
+ 	{(;)div b 	+ div 	= 0 
Expanding ((.2), using (2.10), (2.11) and (2.25) we similarly 
obtain 
T div 	 - 	+ 	.4_ 0s 	 Es. 
ol 
1( 0- 0div b + 4uj 	= 0 . (6.6) 
Eliminating 	 6 	 6 . div b F— - 4! 	— 	iron (6.6) using (4.4) and 
!,3 
using the epression (2.11) Cor 	we get 
- -UK ---div h + (K + div n)div hi 611 	 — 3 (d iv 11 ) - 
+ 61 2 (0-0ft + div n1 t 
	t)! " 	
- 1q , -(
)2 + 48'E 2] div b 
2 
3" K 040 - /14c1) - 0 . 
	 (6.7) 
We now employ the suhsidiary variahle A delined in (2.36) to 
eliminate IP in favour of 0-4. No hive 
(A - K div h1 
6L 	5 - (6.8) 
Then 
2 
I K 	 11 1  (140 - 414) 	(„ 	- N - 
.) .!) 
- 	irjA - 	div h) , by (6.8) , 
and (6.7) takes the form 
 
div b + (K + div n)cliv b an 
(div b) 2  
  
+ 6t 2 ( -0(K + div 	+ 1 - [ 2 + -(ti , -0) 2 + 48T 2 1 div b 
n 2 	5 + oT K(0-1)) - 	TKX = (6.9) 
Eliminating the expression 	div b 4 (K div n)div b from (6.5)
tSn 
and (6.9) by multiplying the former by t and the latter by 2(0-0 and 
adding we get, on reduction 
12T" 	, 	(K 	liv n) - 	- (div h)" + ( 1* 
	
2r)(0-0T div li 
-4- 7 
	




Again by (6.8) 
60q1 - 6( 0 - ,0 	4 0;,2 
h 
- - 
T 	l 6 -r" 






- 	div b) - . 	(6.11) 
Eliminating, -6 i"Koq) From ((.10) we get 
2 	2K" 	 .2 	2 12T + -!--*
3
—• (r + div n) 	(div 1)) 
1 + 	(14y - Sr - ) (L) i di  
- 
	 o div h)" - 	. 	 (6.12) 
From (4.14) we have 
22 	K 2 	 2 	.- 	7 
-12T 	f-, 4- ---- (I, + div n) + -- t:(div br" 
	
3 . 	3 - ..... 
2 
div 	- , 	. , 0 , 
and by adding this to ((.12) we get 	 (6.13) 
2. 
4T 2 k
2 (K + div n) + 1 	 )Hi liv b 
    
K 
4 , 1 ) 8 2 
.7) 
    
K 
1. 3 	- 
di's; b) - 	0 	 - (6.14) 
Finally on muitirlvin ,,. ,  (6.14) by - 
9 
") and (6.13) by 3K 2 and 
adding to eliminate (: 	div n) we got 
S8 
(r,2 - K2 )K 3 (div b) - + [(7K + 5( K 	 )(0 - 0T 2 (3t, 2 + K 2)]div b 
, , 1 
2 
K - (3E,
2 + C) liA1(0 - 0 	 1 2 116 	+ 60i,
2





i,i ;Nv1 2 
We prove 
LEAM 	T11,A'c 	a fun:.!qc,i,:( plation P(0-1(),;0 = 0. 
We prove Loma 2 by obtainin three polynomial relations among the 
variables h,, div 12, 04,A and 1 and showing that K and div b may be 
eliminated From these. This eiiminant set equal to zero is the required 
relation. We remember that 	is given in terms of 0-0 and T by (2.38). 
The three conditions are the following: 
I) The condition (6.15). 
2) The condition obtained by eliminating K 	div n and 
-613- (K + div n) 	div h Inyil (0.9) using (4.14) and (4.17). 
3) The condition obtained by t,!I;Iug the derivative of (6.15) with 
respect to b. 
We perform the elimination with the numerical values 
(7.1) 
and complicated functions of 0 	. and A are represented by numbers. 
With these valves the condition (6.15) multiplied by 2 becomes 
a(div 	t nidiv h) 1 c 	(1 , 
ufiere 
a = (37 - K - 1K 
b 	16K4 + .99V
2 + 65712 , 
4 	. 
c = (32r 4. 1573K - 	4317))K. . 	 (7.2) 
The basic integral (4.14) and its gradient with respect to b given 
by (4.17) become respective iv 
6(K2 	111)(L + div n) 	37L (div b1 - - (Ill. - 3r 2)div ) 
- 4K(37 - v 2 ) , 	(7.3) 
and 
+ 111) 	+ div n) = 12(K' - .222)(K + div n)div b ( .:1) 
3 
- 	+ div n1 + 37(div b) 	+ (SK" - 333) (div h)' 
9PK div h 	32k. 	 (7.4) 
On eliminating (K 	div n) from (7.4) itsing (7.3), we get on cancelling 
the factor 6, 
7 6 	 6 
6(K 	+ 111) 	(q; + div n1 - 	- + Ill)" 	div 
- 	1  div 	4 IiH 	- 1332K 2  + 10545] (div b) 2 
+ FJ+ 	- - ..)7:11(div 9) 
- 1- - - 	. 	 (7.5) 
For the particular values (7.1), the condition (6.9) reduces to 
- 	d:.tv b ± (K + div n)div 611 -  
7 	 -7 
- 7 (div 	+ -K 2 + 151 3 div 
1 
4 CHO'S 	dL 	 0 . 	 (7.6) 
? 	 6 	- ;." Multiplying (7.() by 61.K + 111) - We etiminate (K + div n) and — div 
6n 
using the expresions (7.3) and (7.S). On reduction 7;e obtain* 
, 2 	7 	3 	3 	2 2(37)K (111 - 2 -- ) (div h) + K 1-16r + 37(72)] (div h) 2 
4 	 . 
+ I-13K 6 4- 1820K + 30(..)7) -K + 12(37)1(div b) 
to b. 
+ 	+ 0660K 2 +..0)(6)1 -U . 	 (7.7) 
It remains to obtain the grad ient of the relation (6.15) with respect 
Eliiii imiting K + (111/ n from (2. 2)) using (4.14) we get** 
also oh ti i tied t he t inspec 1 a 1 i :!.nd form of (7. 7) by eliminati ng 
(K + div n) nid 	+ di v 	Iron' (0.91 using (4.14) and (4.17). On 
substitutiiv the values (7 . . 1 one chect.ed the form (7.7) . 
**11w condition shows 	 c i that if di v b = U then either -t 
or K must he 7(21'0, so !That there arc no solutions for this case. 
	




For the part icular values 7.1) Ix have 
(111 + r 2 ) 	div b 	- (111 - r
2





and also by (2.11), (2.25) and (2,39) 
6r 	
- K di v h , 	 4K , 	= 8K , 
	(7.10) 
Taldng the gradient or 0.151 and iw;erting the numerical values 
we get 




, 	4 	 -..) 
-, (111,. - - 5i. )1div b
-)









6 1 ) 
... "3350)div h - 	(1221 
2 	,S 
+ 	"1.1 K 	)/1 	( ) 
+ 02 	+ 	7 70 cii v 1.1 4. i; 60 K2 + 	= 
Substituting the values (7.9) and (7.10) wc obtain the expression 
3 [20535 	„ 2 
	





- 	 3647016!(div b)" 
17407 	il 
SS7.22y 2 + 259603471 . div b 2 
	
6 	__, 	4 	 ) + 120K /i780k + 3261624 - - 0 . (7.11) 
By means of the integral (7. 2) we may now reduce (7.7) and (7.11) 
to quadratics in div h. Multiplying (7.7) by K (37 - K 2 ) and (7.2) by 
2(37)(111-21.-")Jiv b and subtracting we obtain the form* 
a. (( iv b) - + b 1  div h + c 1 
- 
where 
--., 8 1 	- I 	+ 681ST_ 4 60783 	- 674697961 
a l 
b 1 	
118!  Ci  - 	 80575566 	2197327141K 
C
I 	
, s 6 + „. 7 1 	123210r• 	+ 136763101r 
	
(7.12) 
Multiplying (7.11) by (3'-[ 	and (7. i) by t4-1- 
5 iL 	-3/,  0K 2  - 31K-4 1 div b 	 2' 
and adding we nbtain 
numerica1 cHcula t icon 	bsading to (7.12), (7.13), (7.14) and 
(7.1 S) were checLed 	 v;) 	for f - 1 before and after 
multiplying out nnd col:ecting 
	
1-))' 	div h 	0 
where 
o 	. 2 
a = - 28r: - 14SOL - 2792....cL - 1701940V - + 539758368 , 
b7 = 	28K8 - 6236K1) - 584526K 4 - 14867340K 2 + 9236068021K , 
c = (- 180<6 - 711]W 4 - 	 + 1206800881K 2 . 
2 
(7.13) 
Eliminating div 1) from (7.2) ant. 	we have, writing x = K . 
(ca t 	
c 1 aL - d)c 1 - 	1 
 c)(n 	- a 	= 0 - 	
17)1 
or, since K doos. not vanish, 
[226x6  + 112Sox + 77036x
1 
f- 2216356 . !dx -  - 776480098 9x
2 
- 039073907712x - 233002)(671$:21 - 
- [-576x
6 
 -• 101890x' - 4302204x4 4 10782376X 4' 21216343086x 2  
+ 7 10 ,16,1 -1 69646 x + pr.65305 ,10 
x (-18x7 - ft4Ux ° + 91700x 5 	71100(2x 4 	152465530x3 - 5971076946x 2 
+ Ox 	35408001870161 	. (7.14) 
Mltiplying out. equaticm (7.14) we obtain the equation 
1' 
C X = 0 (7,15) 
r=0 
where the coefficients c 	have the following valuef;* 
0 	
1747842675720501813889107968. 




























































-'111e same check in procedure was used hero as For equations (5.42), 
(5.43). 	Sec' Footnote Co 	equat ions (5.42) , (.5.43). 
Eliminating div h iron (7..) and (7.13) we have, writing x = K
2
, 
(ca, - c,a) 	- - bc)(a1) 7 	= 0 
or sine° 11 does not vanish, 
I-1076x6 	15586 ,1x 5 - 10226208x 4 - 912947768x3 	26023282668x2 
+ 11 ,1158894832x + 2:S306226571872r 
- [896x6  + 2407lox + 28178S92x4 4 11)04 ,107098x .) + 16100411990x 2 
76:1(6l913558x - 3195021609021 
X [28x
7 
4 ShiSj) 	-i9405oh 
	
421:)9(0 	9388 ► 2702x 3 + 53964591834x" 
-t 7` 88427) 	31(.8601870101 	0 	. (7.18) 
Multiplying out ettliation (7.18) we ohtaln the equation 
(7.19) 


































The thirteen roots of (7.19) aria ;1-; lo 
-68.5982 2 1002871 - 121.180161851876i 
-68.598221002871 + 121.1801618578761 
	
-110.999990761509 + 	0.0000000000001 
-111.000009238403 + 0, 000000000000i 
-52.204239222163 - 57.522416326431i 
-52.204239222463 + 57.5224163264311 
-22.372509683470 23.4241021733001 
-22.372509683479 + 23.4241621733901 
24.680509035078 - 14.6366020251641 
24.680500055078 + 14.6366620251641 
37.000000000000 + 	0.000000000000i 
21.50337 ,1813395 + 0.0000000000001 
- 23. 7363918414 2S + 	0.0000000000001 ( 7 .21) 
Fqmition , ; (7.15) ;Ind (7.19) I h 	111(.' common roots 
-111 	 (7.22) 
occurring twice, arid 
(7.23) 
occurring once. 
The question is, do these common roots result from our particular 
numerical substitution or do they correspond to common factors of the 
general polynomial. It the former were true our analysis would tell 
us nothing. l'ori . unately we are able to identify these roots as 
factors of the general polynominl and then demonstrate that they may be 
discounted. We consider the two cases in detail. 
Case 1. 	llrc root t. 
We would suspect that this root. corresponds to a factor K
2 
+ 3F,2 . 









, 	( I + div n) = IS— div b from Our procedure was to eliminare 
'S
1 .) 	6 n 	- 	, 
(4.17) and (6.9) by multiplying (4.17) 
by (37, 2 + K 2)K 
and (6.9) by 
2 	2 ? 	 .7) . 	......_ 	," 	2 
6(3i,- + r ) 1 and then eliminating c(:). .1- K - ) 'i (c + div n) in favor 
of div b, 	 usinp 	 IVe get 
2K 
? 	
v 	3 - 	(1,: 2 - 	2 ) it, 2 - K`) + 48 K2 el (Q 	) KT (div . 1)) 2 
2, 	 2 
6 	- 	+ 14.1! - K- )(0- 0 	b 
+ 192i 	(,) - ) 
2 2 f ) p + (3e' + K2)p2 = 0 (7.25) 
where p
i 
and p, are polynomials. The cubic (7.25) corresponds to the 
cubic (7.7). 
Equation (6.15) is written 
. .7, 
(d 	h) 	+ 	 + 21c, ) (0 	Idly b 
+ 2isTt [ 16K- + 00C). " + 
,.2 	2 
K )1) 3 = U , (7.26) 
where Fi is a polynomial. 
and 
We reduce (7.25) to a titiadratic by mul tiplying (7.25) 	
., (t 2 	K 2 ) 
7 1 
(7-16) 17' ys 	 - - 	" ldiv h and subtracting. For K
2 
= 	Le obtain 
1728 ( 
(01 -2 
270:18 (0 	la 
	 (7.27) 
Evaluating ca l 	c i a, 	- b i c, and ab i - a l b by means of (7.24) 
and (7.27) and using 
	 once :taiu, we verify that each of these 
nn 	,'anishc. 	thus verilv thai 	+ 
	2 
is a factor of the 
general form of ( .1S). 
2 
We need go no further. Hiller thy repeated root K = - Ill of (7.19) 
implies a ractor 	, 	doe mot. 	Ir it does not then v  2 1. 3c2 
is not a common 1a(tor el the two co.id,tions (7.15) and 17.19). 	11 V 2 	3F 2  
is a CONWI011 HCi()V then o 	Ihy 	,;hiiity or satisfying the couations 
= 	. 	 (7.28) 
This implies r.. = 0 and i, discounted Icy the analysis of Chapter 3. 
When (7.28) does rot hold we way divide the factor out of the two 
conditions. 
" Case 2. lle root 	), , 
 We suspect that this root corresponds to a factor K 	? 
7 	2 
Setting 	F. in ((i.15) we see that 
a - (7.29) 
Setting 	ill ((-,. IS) we sec th:tt_ the condition (7.2) is now of 
the form 
h div h F c 	0. 	 (7.29) 
The coefficient of (div h) in the Nneral form of ( 7..7) is casity 
	
' 	 r6 
verified to he 2i, - K - (:7)Y, 	Wien f. h - this coefficient reduces to 2c. . 
Thus when H 
7 2 
the reduction of (7.7) to (7.12) by illeans of (7.2), 
amounts of simply to multiplying (7.2 0 ) 1,v '6 div h. We thus obtain for 
this case 
(7.30) 
The eliminant of div h now reduces to 
(c a ) 
	a 1  hh I c 
	
(7.31) 
which is satkfied by 
We thus have the r 	i h i lity 
(7.32) 
Ta.king the gradient. of this condition twice with respect to b, using 
(2,11), (2.25) and (2 39 ) , and cancelling y, which cannot vanish, we 
get 
div ) 	1 1 (0-0 - 0 	 (7.33) 
and 
9 
div b - (div hl = -161 - . 	 (7.34) 
The condition (4.14) reduces to 
24 - r - 	+ div 	= 	b) 	. 	 (7.35) 
Substituting the values of 0-i:t ' 	div h and (K + div n) from (7.33), 
(7.31) and 7.35) into ( 2 . 	) we get 
(7.36) 
so that either [ or r, is7.ere. This is a contradiction. We may dis- 
count the possibility (7..; . 
Write (7.15) and (/.I9) in the 
+ l III - 	37) 	- (l 




where P(K - ) - (1 and Q(i• . , 	do no t have a common root in K 
2 
 . The 
factors 	+ 	and  
2 	 2 





and these expressions cannot vanish. We may divide out these factors 
and consider Lhe equations 
1V 2 )= 0 
-) 	0 . 	 (7.38) 
Since equations (7.38) do not have a comm 	i on root n K2  when 0-4), A and T 
I 
have thc particular values (7.1), the eliminant cif K - from these 
equations does not vanish for the ,;e particular values. Thus the eliminant 
does not vanish identically. Setting the eliminant to zero, we have 
the relation : (0 q),X,L) = q. This proves Lemma 2. 
8. 	THE 11 Ni\i 1)1:0()1: 
If the relation 1:(0-,A,J) = U is not degenerate, then since A 
and T are each constant on a vector-line of b, it follows that 0-1) must be 
constant on a vector-line of h. It then follows from (2.25) that either T 
or K is zero. In the first case, by (2.3), the motion is irrotational, 
the second case wa shown to he impossible in Chapter 3. If the relation 
is actually either of the forms 1'(0-iii,X) = 0, F(0-4),T) = 0, the same 
argument applies. If the relation is of the form 1'(X,T) = 0 then it 
follows from (2.10) that 
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oA 	. 
Un = 0 
2 
and hence hy 2.3(?) - that 
(s - 1 
-• = 0 . 
From (8.2) and (2.28) either i., or ,
1) 
has been shown to lie i mposs i bl e. If 
(8.1) 
(8.2) 
must he zero. The first case 
c3 
T .-- is zero it follows from (2.10) 
that t is spatially constant. Hence by (2.3) 2 1) is spatially constant 
and the motion is a Trkalinn motion_ Evidently these arguments also 
dispose of the degeneracies E'0-0 -U , F 	- 0, F(A) = 0. The only 
possibility beyond irrototional motion is the Trkalian motion. This 
proves the theorem. 
9. CONCIPPING 
further necessary condition, which was not used in the main 
proof may be obtained as follows. For steady streamlines the flow-
wise or b-component of equation (1.4) yields 
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21 	- vv 
pit 
uI 
as 4' 8 -t
3 
 
   
so that 
v { 	, 1 	6- t log v = 	
, 
0- °I ) ) 	- 	-- T + 8'1 3 	 (9.1) 
Also, from (23), for steady strcaln lines 
( 
'5f 	'614- 	t) 	':\ i  
log v . 	(9.2) 
It follows iron (9.1) and (. 9.2) that 
al TT 	3 	0 
( 9.3 ) 
The expanded form of (9.ri) is the condition in question. It is not 
helpful for the general Keel'. 
The prop in Chapters 4 and 5 rested on the fact that the conditions 
	
v' 	6  were linear in the gradients , div b, 	(0-0 	6  , 7-- (0-0 6K  , 	OK. on 6n on 
These gradients could eventually be eliminated to give relations between 
K, div b, n - (!, and T . 
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The condition (9.3) on the other hand involves products such as 
2 
(ST) 	5 	ST 	61 6 	 (ST  6s 	. The .Np he eression (2.14) for 	involves ,0D 
the term 0 + 20 and we get the form ilae in terms of i3-i by using the 
. 	 Sic expression (4.8) for i'. 	
. 	
r(XhR 	the expression Ts -4- OK 
wo. we see trial_ (9..)) Will he quadratic in the gradients we Sn 
require to eliminate. The resulting el iminants would he of correspondingly 
higher order than those used in the proof. 
The particular case dealt with in Chapter 3 was a different matter. 
In this case the stream-line geometry was determined first so that a 
special simplified form of (9.3) could be used to verify the impossibility 
of the motion. 
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Introduction 
Navier-Stokes motions are motions possible for an incompressible viscous 
fluid of uniform density and viscosity. Universal motions are motions for which the 
velocity field is independent of the viscosity, while the surface tractions required 
to produce the flow do depend on the viscosity. The instantaneous stream-line 
geometry is at once possible for all such viscous fluids but the stresses producing 
the motion, depending on the viscosity, vary from one fluid to the next. These 
motions are determined by the conditions 
div v = 0, 	 (I.1) 
bo.) 
curl a — -7— 
ot 
 --LE curl (co x v) = 0, 	 (1.2) 
and 
curl curl w = 0. 	 (1.3) 
In the foregoing v is the velocity, w = curl v is the vorticity and a is the accelera-
tion. 
(010 
The case of plane flows with steady vorticity —Ot = 0 was resolved by 
GORTLER & WIEGHARDT (1942 [1]). They showed that, beyond the rectilinear 
Poiseuille flow, the only possibilities are 
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Case I. Motions with constant vorticity on which may be superposed a coplanar 
isochoric irrotational motion, which may be unsteady. 
Case 2. Motions whose stream-lines are concentric circles, for which the velocity 
magnitude is 
C 
v Ar log r + Br + —
r 
where A, B and C are constants. * 
In CroRTLER & WIEGHARDT Case 2, one sees that the vorticity is 
Col = [2A log r + (A + 2B)] k, 	 (I.5) 
2A 
curl CO = — —
r 
e,, 	 (I.6) 
where k is the unit vector perpenedicular to the plane of the motion ; and e0 is 
the unit vector tangent to the stream-line. 
It is apparent from (I.5) and (I.6) that the vector-lines of curl co are the stream-
lines. Since the motion is steady, these are also material lines. Also the magnitude 
of co is a plane harmonic function which is constant on the vector-lines of curl co. 
Very little work seems to have been done on the question of unsteady plane 
flows possessing an acceleration potential (1954 [1], p. 93 footnote). However it 
appears that the properties outlined in the previous paragraph carry through for 
the unsteady motions. We prove the following necessary conditions for these 
motions. 
The vector lines of curl to are material lines on which the vorticity magnitude 
has a value which is temporally and spatially constant. These curves, themselves 
unsteady, are thus given by 
w(x, t) = c. 	 (I.7) 
The constant vorticity lines (1.7) and their orthogonal trajectories 
qh(x, t) = d, 	 (1.8) 
where curl co = grad rt., are conjugate harmonic functions. Thus 
+ ith = F(z, t) 	 (I.9) 
where F(z, t) is a time dependent analytic function of the complex variable z. 
In Chapter 3 we give an alternative proof of GoRTLER & WIEGHARDT'S result 
for motions of steady vorticity. 
and 
* Unless the constant A is zero, the motion given in Case 2 leads to a many valued 
pressure if the stream-lines are complete circles. 
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1. Preliminary Formulae 
We let s(x, t), and n(x, t) be the time and position dependent unit vectors 
pointing along the instantaneous direction of the tangent and normal to the stream-
lines at the spatial point x. The constant unit vector perpendicular to the plane 
of the motion is denoted by b. The velocity is then given by 
v = v(x, t)s(x, t). 	 (1.1) 
At any instant the spatial gradients of s, n and b are given by 
grad s = smc nny, 
grad n = — ssx — nsy, 
grad b = 0, 	 (1.2) 
and the scalars x and v are identified as the curvatures of the vector-lines of s 
and n respectively. They depend on position x and time t. 
We have 
	
curl s = xly, 	curl n = yob, curl b = 0 	 (1.3) 
and 
div s y, div n = 	 (1.4) 
We also have 
cis 	an 




where 2. is the angular velocity of rotation of s and n about the fixed direction b 
perpendicular to the plane of the motion. 
OF OF 




to denote the components s • grad F, 
n • grad F, where F is a scalar field. Then 
0 (6F) a 	 as 	 OF 
—et Ts, _— T-t-(s . grad F) = -a7 . grad F + s . grad 
at 
OF 6 (aF) 
— A 	J-. 
On ' Ks at ' by (1.5) 1 . 
Similarly from (1.5) 2, we get 
a (OF 	OF o (aF) 
—0 —
On
) = --1 Ts + —6n —at  
Again the identity 
(1.6) 
(1.7) 
1 0F 	OF 
curl grad F — grad x LT5 , s -(577 n1--- 0 
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yields the spatial commutation formula 
6 2 F 	a2F 	af' 	SF 
Sn as bs x ± V  (Vt . 
2. Analysis 
The vorticity is given by (1.1) and (1.3) as 




From (I.1) and (1.4) 1 we have 
by 
K5 -4- yv = O. 	 (2.2) 
We note that 
curl (co x v) = grad (vw) x n vw curl 11 
= 	





The condition (1.2), necessary and sufficient for the motion to be circulation-
preserving, now takes the form * 
Da) ew 	&o ao) 
— = 
 Dt 	ct 
+ v 
6s 	Ct 
+ v • gracl = O. 	 (2.4) 
The classical formula (2.4) * * shows immediately that the curves w(x, t) = c 
are material lines. Our purpose is to show that in the case of unsteady motion 
these curves are the same as the family of vector-lines of curl co. 
By (1.3) 3 and (2.1) 







We see from (2.4) and (2.5) that when curl to = 0, the vorticity magnitude w 
must be both spatially and temporally constant. The vorticity is a constant 
vector perpendicular to plane of the motion. It is straightforward to verify that 
* We use the classical notation 
Dt  for material derivative. 
** (1954 [1], p. 85, footnote.) 
(1.8) 
(2.1) 
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this motion allows the superposition of a co-planar isochoric irrotational motion, 
which may be unsteady. This is the first result given by GORTLER & WTEGHARDT 
(1942 [1]). 
In the general case we see from (2.5) that at any instant the vector-lines of 
curl co are tangent to the family of curves 
co(x, t) = f(t). 	 (2.6) 
We have to show that f(t) must be a constant for a particular curve. We do 
this by first showing that the curves (2.6) are material lines and then using the 
fact that the curves w(x, t) = c are indeed material lines as required by (2.4). 
According to the Helmholtz-Zorawski criterion (1960 [1], p. 341), a necessary 





—at + curl (c x v) v div c] = O. (2.7) 
We take c to be the vector curl w. From (2.5), using (1.5), (1.6) and (1.7), we obtain 
—a
a
t curl co = aat ( 6O1 s + 6a) -On ,, as — -,iO ,S ( 61n — ow 
an 
n 	 .., 	s 	as at 
=LA  ± 6 i ao)\\ Ow 
Ss on at B s ± An  an 
_ ( A oc) + 0 taco)) 	Ow 
n ± As —




-- — -- — — --)  
6n at as at n 





so that by (1.2) 
( Ow 	( 







From (2.4), (2.8) and (2.9), we have, for c = curl co, 
ac 	 6 (5o 	Ow 
at + curl (c x v) v div c = an at + v as s 
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The condition (2.10) taken with ZORAWSKI'S criterion for flux conservation (1960 
[1], p. 346) actually asserts that the flux of curl co across every material circuit 
remains constant in time. In any event (2.7) is satisfied, and we see that the vector-
lines of curl co, namely, the curves (2.6), must be material lines. 
It follows that the material derivative of the function w(x, t) — f(t) must be 
zero ; thus 
0o) 
	




Accordingly by (2.4) and (2.11), f(t) must be constant on a given vector-line of 
curl w. The vector lines of curl w are thus given by 
w(x, t) = c. 	 (I.7) 
Finally, by (I.3), curl w = grad 0, and the curves 0(x, t) = d are the ortho-
gonal trajectories of the curves (1.7). The functions CO and 0 are plane harmonic 
functions satisfying the Cauchy-Riemann equations, and we have the representa-
tion (1.9). 
3. Alternative for Proof the Case of Steady Vorticity 
The original proof of GORTLER & WIEGHARDT for the case of steady vorticity 
(1942 [1]) employed the classical stream function for the two-dimensional velocity 
field. * We conclude by giving an alternative proof based on the present formalism. 
When the vorticity is steady it follows from (2.4) and (2.5) that 
0 	 (3.1) 
and 
(3(.0 
curl co -- . 
On 
The vector-lines of curl co are now the stream-lines. 
The condition (1.3) now gives 
-S2 u (t) 	Ow 




Again, since div curl w 	0, we have by (2.2) and (3.2) 
0 2 w 	Ow 
	 v 	0. 
6s6n On 
* They also invoke a theorem of HAMEL which delimits the steady plane motions 
of a viscous fluid which have the same stream-lines as an irrotational motion (1963 [1 ], 
p. 30, 1917 [1]). Professor W.-L. YIN constructed a proof on the lines of GORTLER & 
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6co 











h — log 
On 
(3.6) 
From (3.5) and (1.8) 
Ox 	dye 
Os + On 	CI ' 
(3.7) 
By (2.1) and (3.1) one has 
6 - 1 








Also by (1.8) and (2.2) 
62 v 	6 Or Or 
Os On 	On ('")) z 6s 6n 
(3.9) 
Ov 	Or 	by 
v 
On 	2y' 6n —  6n Os 
Thus by (3.8) and (3.9) 
(Ox 	Gip 	( 	Or 6v \ + 2 
+ On ) Os + V  6n 1 CP ' (3.10) 
By (2.1) 2 , (2.2), (3.7) and (3.10) we find that 
vco = 0 (3.11) 
so that, for rotational motion, v = 0, and the vector-lines of n are straight lines. 
Ox 	 1 
By (3.7) 
6s 
— = 0, so the vector-lines of s are concentric circles. We write x = 
r
. 
By (2.2) and (3.1), v and co are functions of r only. Equation (3.3) becomes 
I 	r \ 0, 
r aY 	Or 
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where, by (2.1), 
1c 
ra) — — V  . 
r Or 
By direct integration we obtain the velocity distribution (I.4). 
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Introduction 
Isochoric circulation-preserving motions with steady vorticity are determined by 
the conditions 
div u = 0 , 
and 
curl (co x v) = 0 , 	 (I.2) 
where u (x, t) is the velocity at time t at the spatial point x and 
w = curl u 	 (I.3) 
is the vorticity. The vorticity w is independent of time in the spatial representation. 
We prove the following proposition concerning these motions. 
Theorem. The only isochoric circulation preserving motions of steady vorticity, for 
which 
1) the vorticity is lamellar, so that 
curl w = 0 , 	 (1.4) 
and 
2) the vorticity magnitude bears a constant value on a particular vector-line of w, 
so that 
a) • grad w = 0 , 	 (I.5) 
are 
1) a plane motion of constant vorticity on which may be superposed a coplanar 
isochoric irrotational motion, which may be unsteady, together with a time dependent 
rigid translation perpendicular to the plane of the motion 
2) the helical motion whose velocity has the physical components 
v 7 = 0, 	vo = a r + f (i)  , 	= b log r + g (t) , 	 (1.6) 
where a and b are arbitrary constants and h (t) and g (t) are arbitrary functions of time. 
This result is a corollary of a theorem that was first given, with an inconclusive 
proof, by Hamel [1]. It was subsequently proved by the writer [2], [3]. Hamel's 
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theorem is as follows. Let a(x) be a sufficiently smooth vector field in three-
dimensional space, such that curl x = 0, diva = 0 and a • grad al= 0, then the vector 
lines of a must be parallel straight lines or circular helices mounted on concentric 
circular cylinders, so that 
a 	+ k, ez , 	 (1.7) 
where k 1 , k 2 are constants, r is the distance from the axis and eo and ez are unit vectors 
associated with cylindrical co-ordinates. 
Since curl co is solenoidal we may take a to be w. Accordingly, when (1.4) and 




 eo + k, e, . 	 (1.8) 
The present theorem is proved by a straight forward integration of (IA ), (1.2), (1.3) 
and (1.8). 
The result allows one to delimit a certain class of universal motions of Navier-
Stokes fluids of steady vorticity. 
Motions of Navier-Stokes fluids for which the vorticity is steady are given by 
(I.1) and 
curl (co x v) 	— v curl curl co , 	 (1.9) 
where v is the kinematic viscosity. Universal motions are motions in which the 
velocity field is the same for all Navier-Stokes fluids. It is therefore independent of 
the viscosity. At the same time the stresses producing the motion may depend on the 
viscosity. These motions are determined by (I.1), (1.2) and the condition 
curl curl w = 0 . 	 (I.10) 
Consider the subset of universal motions for which (I.10) is satisfied by the 
vanishing of curl co. Even though the fluid is viscous the viscous stresses are 
inoperative. Suppose also that the vorticity magnitude is constant along a vortex-line, 
so that (I.5) holds. The present theorem requires that the only possible motions are 
the plane motions described and the motions given by (I.6). 
More generally we may consider the universal motions of Navier-Stokes fluids of 
steady vorticity for which the magnitude of curl w bears a constant value on a vector-
line of curl co, thus 
curl co grad curl co = 0 . 	 (I.11) 
In this case Hamel's theorem asserts that 
curl w = 
k, 
— eo + k, ez . 	 (I.12) 
The vector field of curl co is established. The difficulty is the integration of (I.1), (1.2), 
(1.3) and (I.12). We may note that for universal motions for which the velocity field is 
complex-lamellar [4] and also for the class of universal motions given in [5], the 
condition (I.12) holds with k, = 0. 
We proceed with the proof of the given theorem. The vorticity, given by (1.8), is 
a specialization of the vorticity of the circular helical motion of Strakhovitch ([6], 
p. 101) and one might expect the corresponding motion to be a specialization of this 
motion. However the Strakhovitch motion was obtained by postulating the form of 
the velocity field. When one takes the vorticity as the starting point one has the 
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possibility of superposed irrotational motions. This was indeed the case in the analysis 
of helical vorticity fields given in [5]. For this reason we present the integration in 
detail. 
Preliminaries 
1. The ease k,= 0 
With w = curl o given by (I.8), the velocity components v„, v o , v, are given by 
av, 	avo 
	= 0 , 
rat) az 




1 a 	av, 
—
r 
—ar (rvo) r ao 
= k 





(r v,) 	+ 	z  —
1 	
=0 
r ar 	r 80 az 
We also have 
k, 
x v ={—v z — k 2 vo e„ + 	— —v, ez . 
The conditions (1.2) then yields the equations 
k, av, k av, 0 






(1.7) (Lv z —k 2 v o)+k, 	a ( vr)=o, az , r 	 ar 	r 
k, 
Or  a 
  (r yr) r 00 a 	v, k 2 v e ) = . 
r 	 r 
Let us first suppose that k, = 0, k2 + 
vorticity 
= k 2 ez 
In this case by (1.6) and (1.7) 
avr_ 	avo _ 
az az 




The conditions (1.1) and (1.2) now give 
av, 
 80
= 0 and —
0V, 
 = 0 .  
(1.8) 
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From (1.11) and (1.12) 
y z --f(t) . 	 (1.13) 
The conditions (1.3) and (1.4) reduce to 
1 	0 av, 	1 	0 	at), 
= 0 , — v e) 	= K 2 , 	 (r v r) + 	 
r Or 	r 00 r r r ao 
and these equations taken with (1.10) and (1.11) determine an isochoric plane motion 
of constant vorticity on which an arbitrary plane isochoric irrotational motion may be 
superposed. Including the condition (1.13) we have the first motion stated in the 
theorem. 
2. The ease k, 0, k 2 0 




and by (1.1) 
—e 






















+ k,v z i= 0 , 
(r, 61 , t) . 
(1.7) 































+ k2 r2 1 
r 2 az 
(2.4) 
k2 v z i 	2 + 	= 
(2.5) we have 
(2.6) we obtain 
and Ov z/00 from (1.1), (1.7) and (2.1) we have 
av z 
	






r az 	ar 	r 
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and by (2.6) and (2.9), 
a 2 v, 
a z2= 0 . 
From (2.10) 
v z = F(r, 0, t) + G (r, 0, t) z . 
By (2.8) av z/ar is not a function of z, thus 
ac 
(r, 0, t) = 0 
or 
G (r, 0, t) = 2(0, t) . 	 (2.12) 
By (2.8), (2.11) and (2.12) 
aF 
	(r, 0, t) = — 
ar 
so that 
F(r, 0, t) = — lc, log r + Et  (0, t) . 	 (2.13) 
By (2.11), (2.12) and (2.13) 
v z = — k, log r + 11(0, t) + A(0, t) z . 	 (2.14) 





 (0, 0 z = — k 2 r2 2(0, t) . 	 (2.15) 
Since k, and k 2 are non-vanishing, and since the left hand side of (2.15) does not 
depend on r, we must have 
'(0, t) = 0 , 
and 
ap(19,0 	=o ae 
so that 
it (0, t) = g (t) 
It now follows from (2.14) that 
v z = — k, log r + g (t) 
From (1.1) and (2.16) 
aye 0 
az 
and by (1.7), (2.16) and (2.17) 
arr 
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By (2.6), (2.7) and (2.18) 
vr = (t) r, 
and by (1.3) and (2.7) 
a 
(rvo=k2 r. 
Integrating (2.20), we have, by (2.17) 
k, r ± x(0, t) 
2 	r 
Substituting the expressions (2.19), (2.21) and (2.16) for t4, v 0 and vz. respectively into 
(1.4), we obtain 
0), (0, t) 
2r2 “t) = 	. 
00 
It follows that 
(t) = 0 
and 
x(0, t) = h (t) . 
Accordingly by (2.19) and (2.21) we have 
k, r 	h(t) 
y r = 0, 	llo = 	+ . 
2 r 
Equations (2.16) and (2.22) now establish the theorem. 
3. The case k, = 0, k, 0 
When k 2 = 0 we deduce from (2.15) that 
A (0 , t) = f(t) , 
and 
y(0, t) = g (t) , 
so that 
v z = — k, log r + g (I) + iu (I) z 
The relation (2.17) still holds, so by (1.7) and (3.1) 
a (v.7.1 	_
° 
) + ' 7W  
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By (1.3) and (2.7) 
a 
r (r v0) = 0 




By (2.5), when k 2 = 0, k, * 0, 
Ovo 
= 2 kiv, , 
@6' 
Substituting the expression (3.3) and (3.4) for vr and vo into (3.5), we obtain 
ae ri(0, t) = 2 lc, r2 [1.t(t) log r — s(t)] . 	 (3.6) 
The condition (3.6) is impossible unless 
11(0 = s(t) = 0 , 	 (3.7) 
and 
a>7 (9, — o . 	 (3.8) ae 
It follows from (3.1), (3.3), (3.4), (3.7) and (3.8) that 
v, = 0, 	vo = 77(0  , 	v z = — ki log r + g (t) , 	 (3.9) 
and the theorem is established once again. 
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Summary 
It is proved that the only isochoric circulation-preserving motions whose vorticity is steady, 
lamellar and bears a constant magnitude on a vortex-line are (1) plane motions of constant 
vorticity (on which certain unsteady potential motions may be superposed), and (2) a particular 
circular-helical motion. 
Zusammenfassung 
Es wird bewiesen, daB die einzigen isochoren Bewegungen mit Erhaltung der Zirkulation, 
deren Rotation zeitunabhangig lamellar and konstant entlang einer Wirbellinie ist, die folgenden 
sind: 1. Ebene Bewegung mit konstanter Rotation, der gewisse zeitabhangige Potentialbewegun-
gen uberlagert werden konnen; 2. eine besondere Kreis-Schrauben-Bewegung. 
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Introduction 
ERICKSEN (1954 [1]) attacked the general problem of determining the defor-
mations that can be produced in every isotropic incompressible perfectly elastic 
body by the application of surface tractions when body forces are absent. Two 
cases proved intractable at that time, a case when the deformation tensor c had 
equal proper numbers and the case when its proper numbers were all constant. 
MARRIS & SHIAU (1970 [1]) showed there were no further solutions in the first 
category. The problem of constant proper numbers has remained unsolved. 
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We give a brief history of the researches on the case of constant proper num-
bers. FOSDICK (1966 [1]) noted that the known deformation 
r aR, 0 = bO, z = cZ, a2bc = 1, b 1 
represented a solution for the case of constant proper numbers. SINGH & PIPKIN 
(1965 [1]) gave the new solution 
r aR, 0 = b log R ce, z = dZ, a 2c d = I 	(1.1) 
and they noted that a special case of this deformation corresponding to a2c = I, 
b2 c2 = 1, had been found by KLINGBEIL & SHIELD (1966 [2]). FOSDICK & 
ScHuLER (1969 [1]) characterized all the universal deformations which were plane 
deformations (with uniform transverse stretch), and showed that, beyond homo-
geneous deformations, the above solution was the only plane deformation in the 
class of constant proper numbers. FOSDICK (1971 [1]) showed that there were 
no new solutions for the class of radially symmetric deformations. KAFADAR 
(1972 [I]) proved that (I.1) is the only possible solution in the case when any two 
of c's proper numbers are equal. For the remaining case of distinct and constant 
proper numbers, KAFADAR also proved that if the abnormality of the vector-field 
of any one of c's proper vectors vanishes, then no new solutions exist. Finally, 
the writer showed in (1975 [1]) that no new solutions exist when any two of the 
abnormalities of the proper vectors of c are constant. 
It is seen that past work has been directed to showing that no new solutions 
exist for special classes of deformations. No attempt has been made to attack 
the problem from the other end, that is, to prove that if a new deformation exists 
it must be of a certain type. In the basic analysis of this paper and in Main Theo-
rem 1 we take the latter point of view. On the other hand, Main Theorem 2 
establishes the impossibility of a special class of deformations. 
We prove the following theorems: 
Main Theorem 1. If there exists a new class of solutions, then it must be 
such that the curvatures and abnormalities of the fields of the unit proper vectors 
and the proper numbers are functionally related; thus 
2 	2 ,2 al (12 -3 
F (Taa, nab, „,2 
a2 ” 3 	I 
where F is a symmetric polynomial in its arguments and is homogeneous in the 
nine abnormalities and curvatures .7raa, 7tab• The form of F is such that it is invariant 
when the basis of proper vectors is transformed by reflection from a right-handed to 
a left-handed system, and for a ninety degree rotation about the direction determined 
by a proper vector. * 
Main Theorem 2. If the ratios of the abnormalities are constant, then there 
are no new solutions. 
* The proper numbers ca and abnormalities 	and curvatures n ab referred to in 
(1.2) are defined in Chapter I. 
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We give ten polynomial integrals effectively involving sixteen arguments. 
Su l 
These are the ten variables indicated above and the six variables ui , u2, u3, —
Se2
, 
6e3 ' 6e, 
, defined in Chapter 1. * We prove Main Theorem 1 by showing 
that the above six variables can be eliminated from the ten integrals to yield at 
least one relation of the type (1.2). This is accomplished by substituting appro- 
priate numerical values for the proper numbers, curvatures and abnormalities. 
We make use of the redundancy of integrals to simplify the calculation. This is 
discussed in Chapter 7. 
In presenting this work we consider it important at the beginning to separate 
those conditions which are of geometrical origin from those arising from the 
equilibrium conditions. While at first sight the equilibrium conditions appear to 
give two vector equations, it turns out that these are not wholly independent 
of the geometrical conditions. 
Chapters 1 and 2 deal with the geometrical conditions; the equilibrium condi-
tions are introduced in Chapter 3. The ten basic integrals are developed in Chap-
ters 4, 5 and 6. Main Theorem 1 is proved in Chapter 7 while Main Theorem 2 
is proved in Chapters 8 and 9. In a final section, "Concluding Remarks", we indi-
cate the various directions that have led to identities. Summarizing our futile 
attempts to obtain any further integrals of the same order as the original ten, it 
recounts the various checks that have been made on the basic conditions. We 
indicate the possible directions for obtaining higher order integrals and suggest 
that the problem may be suited to the new systems for treating symbolic mathe-
matics on computers (1979 [ l]). 
Part 1. Proof of Main Theorem 1 
1. Geometry of Isochoric Deformations with Constant Proper Numbers. 
Preliminaries 
A deformation is defined by the invertible mapping x = x(X). Associated 
with the deformation are the deformation gradients F and f given by the double 
tensors * * 
dx 
FdX 
ct l e 1 E 1 o2e2E2 	a3e3E3 , 
dX 	1 	1 	1 
f = dx =  
F i e, + (7.2 E2e2 	
0'3 
E3e3, 
and the right and left Cauchy-Green tensors are C and c - ' where 
C = FTF = aiEl Ei + 63E2E2 + 63E3 E3 	 (1.3) 
* See Note added in proof at the and of the paper. 
dx 
k* The symbolism F = 
dX 
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and 
1 	 1 	 1 
c —
Tf 
— 2 eiei 	2 e2e2 	e3e3• 
LI 3 
The ortho-normal bases EA and ea point along the proper vectors of C and c, 
and a3, 03, a3 and their reciprocals are the corresponding proper numbers. They 
are considered to be constant and distinct. For an isochoric deformation we require 
that 
0'2 	= 1 • 	 (1.5) 
The gradient of the vector field ec(x) referred to the basis e a is written 
grad e, = yleaeb , Ya c = 0, Yac = —yfth . 	 (1.6) 
The gradient of E,(X) is given similarly by 
GRAD E, = 	 T,c4c = 0, 	= 	 (1.7) 
Rather than the gammas, we choose as the main vehicle for our analysis the 
functions :tab , which are the components of curl ea ; thus 
lab 
	eb • curl ea , 
so that 
curl e 1  = 
The functions 7i 1, 7622, 733 
a b are given the generic title 
is given by 
The functions lab  and Yraw = 
711 	7E12 7E13 
a 	a 	37:23 21 —22 — 
[ 
71.31 7632 7r33 
27112 = 711 + 722 — 7E33, 
	
e 	712e2 + 7 13 e3 , etc.* 	 (1.8) - 1 1 	1 
are called abnormalities while the functions :tab, 
of curvatures. A correponding set of pi functions 
HAB = EB • curl EA . 	 (1.9) 
—yga  are related as follows : 
[n ,1 	,„1 	,„1 	 2 	1 




= 	Y22 	Y13 — Y31 Y21
,3 
r (1.10) 
Y32 	Y2 1 	 Y12 r 	Y33 /21 r1
2Y31 = 733 + 71I — 7E22, 	2)43 = 7E22 + 733 	• 
Similar relations hold for the upper case variables. 
The condition curl grad F = 0 applied to the scalar field F, yields, by (1.8) 
the basic commutation formulae * * 
5 2F 	6 2F 	OF 	6F 	6F 
= 	 7r21 -oe2 7631 —c1e3 , 
etc. 
6e3 6e2 	6e2 6e3 
* Throughout the work the appendage "etc." will indicate that three equations, 
obtained by cyclic permutation of the subscripts, are implied. 
OF 
** We use the symbol — to denote the component e a • grad F. Then 
6ea 6eb — ea • Oea  
grad (eb • grad F), and so on. 
at (72 
(1.4) 
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We indicate two symmetry conditions which must be satisfied by all the 
general relations derived in the analysis. These conditions are thus extremely 
important as checks for the equations. 
1. The reflection condition 
If the unit vector e 1 is changed to —e l , while e 2 and e 3 are unaltered, the basis 
comprising the unit proper vectors of c and c-1 changes from a right-handed to 
a left-handed system. However, c and c--1 are unaltered. The operator curl changes 
to minus curl. From (1.18) we obtain the following transformation: 
et —> —e l , 	ej` 	e2 , 	eg` —> e3 , 	—711 , 
->. — :7223 	73 	—2733, 7'13 	-723y 712 —> 
* 	 * 	-r 
'.12 	 —> 721, 	—13 - 	 —31, etc. 	(1.12) 
The general conditions derived must allow this transformation. 
2. The rotation condition 
The deformations tensors c and c--1 are unaltered if one rotates the axes 
ninety degrees about e 3 , for example, and interchanges oi and U2. The general 
conditions must be invariant under the transformation 
ez —e1 , et —> e2 , 	---> e3 , 	ati --> 722, 
* 
722 —> 733, 	712 	—721, 	721  —712, 
* * 	 -,* —> 
	
„„.* 
723 	' —713, —731 , 732 '.31 	732, 723 , 
a1*
2 2 	*2 	2 	*2 -->- az, --->- U3 	oi, etc. 
These relations are easily derivable from (1.8). 
The deformation tensors C and c are metric tensors in Euclidean spaces. The 
Riemann curvature tensor calculated with C or c as metric must vanish. We obtain 
these conditions by a direct means first suggested by YIN. 
It follows from (1.1) that the bases ea and EA are related through the defor-
mation by * 
ea •dx = ea • F dX = aaEa • dX. 	 (1.14) 




6llab 	6Ilab 	a, 67rab 
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Since the bases ea and EA are each embedded in Euclidean spaces, the curvature 
tensors based on the connections yba, and FIc must vanish. Thus 
a 	a 
Gd= 2/CeYgd 	/11' 	Gigc 	b) Yi et = 0 	(1.17) b 
and 
RCBD = -1-713D — 
E B 	
+ MIIED — Mr& + (Pk — FEB) 	= O. aÊ  
(1.18) 
The conditions (1.17) and (1.18) may be expressed in terms of d ab and TIAB 





(1.15) and (1.16) into a corresponding condition involving .7 b, — and 
a 	ee 
The method is presented fully in (1975 [ 1], p. 117, 118).* 
There are nine independent conditions represented by each of (1.17) and 
(1.18). These occur in three sets of cyclic conditions, a specimen of each set being 
given by 
We write 
and note the identities 
	
= 0, 	x232 = 0, 
Rg2 -= 0, 	Ri512 = 0, 
C2  clef 
Nrs (72 
'1 12 A23 a il -- 
x312 = 0, 








(121 (1 32 '1 13 
61 13 	 (1 23 
1 — 	, 
12 	 A21 
From (1975 [1], equations (2.5) and (2.6)) we have, corresponding to 
and K2 32 = 0, 
2 	12 
7621 = 7/21 7E327/23 + 321.3 etc., 
c5e3 	 A32 
* In (1975 [1]) the curvatures were immediately expressed as gradient functions in 
accordance with the equilibrium conditions. This obscures the purely geometrical origin 
of many of the relations. Also in (1975 [1]) the condition (1.33) was not derived as a 
geometrical condition from (1.17) and (1.18). It happens, as will be seen, that this same 
condition also follows from the equilibrium conditions. En (1975 [1]) it was obtained as 
a consequence of the equilibrium conditions. Here we indicate the geometrical origin 
of the conditions first to exhibit the geometrical problem as a separate problem and then 




321 — 1  
and 
where * 
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1 	NI3 	,, 








+ 2731 	I 	
N23 
1 7t33 	CX13 :1T22:733 	3 	N21 	2 
n231 — 	 :7 11 2 6X23 	2 4 	OC. 23 
1 	a13  [CX13 	N32] 	2 	, 	1 	N12 
733 — 4 	a12CX23 	CX31 	 'I' 	A23 
The conditions (1.26), (1.27) are dual to (1.24), (1.25) in that one set may be 
obtained from the other by applying the rotation condition (1.13). 
From (1975 [1]), equation (2.13), we have, corresponding to riji = 0 and 
R 12 -= 0, 
6 	 (X2 3 ( 
—7 rii 	.7 13.7 11 	— —A :733 + 2:7317r33 	0, etc. 	(1.28) Set — 2 	— 6‘•21 ,-, e2 
The set of three equations (1.28) transforms into itself under the rotation condition 
(1.13). 
We now introduce 
def a 
= — 7E33 + 2231233,  etc., 
6e2 
so that by (1.28) 
tV23 
2711 — 221 3ni. 1 = 	U1 5 etc. oe2 	 N21 
We note that under the transformation (1.13), the variables u a transform as 
follows: 
* 	 * N12 	 N31 	 a232  ill r 	 " 	 ,,* — — U3, .2 — U2, .3 Y — U1 . 
°‘•13 	 C‘"32 
* To reconcile the forms (1.25) and (1.27) to (1975 [1], equations (2.5) and (2.6)), 
one may readily verify that 
1 (a3) N32 	CX 12°'2.1 
— 
N32 	a2 	x31 	31 (x.23 
2 2 
6 1 62 ) 	x13 (x 13 	C‘32) 
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The second condition obtained from riA = 0 and Rj2 = 0, obtained from 
(1975 [1], equations (2.14) and (1.30)), is 
	
ae3 	 2 04 12 
7623 = — .7r2.2.7ri 3 + 7121(7623 + 7632) 	 ul , etc. 
, 	1 04 13 	 (1.32) 
Transforming (1.32) by (1.13) and (1.31), and using (1.22), we obtain the dual set 
ae3 	 N 31 
a 1 oc32 
76 13 	7611 7623 — 76 12(7613 + 7631) — 	—1135 etc• 	(1.33) 
We have the three conditions div curl ea = 0, so that, by (1.8), 
ae 
, X 11 div e 1 	7E12 + 7612 div  e2 	ae z13 	77
13 div e3 = 0, etc. + —
ae 2 	 3 
(1.34) 
and from (1.6) and (1.10) 
div e, = 772 3 — n32, etc. 	 (1.35) 
We verify that (1.33) is indeed a geometrical condition corresponding to 
= 0. From (1.7), (1.10) and (1.17) we have for x312 = 0 
a 1
--- a 	2 aei :713 — 	(7cli + 7622 — 7633) — 7632(7633 	7r11) e3 
— 7612(7 31 ± 76 13) — 76227623 = ()• 
	 (1.36) 
Substituting for (-Fel n11, Se 	, 7E22, —Se Z33 from (1.34), (1.29) and (1.30) respec- 
a 
tively, using (1.32) for w—
e2
7r 12 and using the expressions (1.35), we regain the 
condition (1.33).* 
2. Geometry of Isochoric Deformations with Constant Proper Numbers. 
Three Small Theorems 
Eliminating u 3 from the sets (1.32) and (1.33), we obtain 
a 	a 
6e 
7r12 -- 71.13 + n127r31 	:77. 13 7r21 — :711(723 — 7c32) 	etc. 	(2.1) ae3 




27r11 div e i = 0, etc., 	 (2.2) 
* The nine independent conditions implied by (1.17) include the three conditions 
(1.34). The conditions (1.5), (1.15) and (1.16) mean that condition DIV CURL EA = 0, 
computed for the images of the proper numbers before deformation, implies div curl ea 
 = 0. We thus get fifteen rather than eighteen independent compatibility conditions for 
the deformation. These conditions are the sets (1.24), (1.26), (1.28), (1.34) and the con-
ditions obtained by eliminating u i , u2 , and u3 from the sets (1.32) and (1.33). 
+ L-4 	div e3 	
.z3u2 e
3 = grad log 
3T11 7c22i 
nil 7(22 gz33 (2.6) 
where 
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or 
div 71'121 et) = 0, etc. 
One has 
Theorem 2.1. The vector fields of the unit proper vectors ea are complex-solenoidal 
fields: 
1 
ea = I curl pa . 
7r-F1 
By (1.15) and (1.16) an analogous theorem holds for the unit proper vectors 
We now note that 
div (e 1 e 1) = div e te, 	n13e2 — 7c12e3, etc. 	(2.3) 
and that the three conditions (2.1) express 
	
e i • curl div (e 1 e 1) = 0, etc. 	 (2.4) 
We have 
Theorem 2.2. The condition (2.4) is a geometrical result for isochoric deformations 
with constant distinct proper numbers. 
The significance of Theorem 2.2 is that it tells us that the equilibrium conditions 
to be considered in the next section give only three cyclic scalar conditions, rather 
than the six they appear to do at first sight. It emphasizes the ultimate weakness 
of the equilibrium conditions. 
From (1.29), (1.30) and (2.2) 1 we have for non-vanishing abnormalities 
2 7(22 	(X13 7C33 
1 ( U3 
	
712 U3 — 2 div 
	 (2.5) 
a 	 6 
— 7 	 log 	— div e l . — 2- + 7E22 	7r23 	 ,v 33 	1'32 	— 1v 6e 
log 
 1 	 bei bei 
From (1.35) and (2.5) there follows : 
Theorem 2.3. For isochoric deformations with constant distinct proper numbers, 
and for which the abnormalities of the vector fields of e a do not vanish, one has 
[ 	 11u3 div e 1 	 e i 	[ 	
22u1 
—4 div e2 	 e2 
7(22 7(33 	 71'337(11 
def 	 C‘12 
(7r33 	 7
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3. Introduction of the Equilibrium Conditions 
When the proper numbers 61 , cd, r of c -1 are constant, the equilibrium 
conditions for the incompressible perfectly elastic material reduce to 
curl div c = 0 
and 
curl div c--1 = 0. 	 (3.1) 
For distinct proper numbers these conditions require that 
	
curl div (e,e,) = 0, 	curl div (e 2e2) = 0, 	curl div (e 3 e 3) = 0, 	(3.2) 
where 
e i e, 	e 2 e2 	e3 e 3 = I. 	 (3.3) 
It follows from (3.2) and (3.3) that 
(div e 1 ) e, 	7, 3 e2 — 712e 3 = grad 0,, etc. 	(3.4) 
where 
0, + 0 2 + 0 3 = constant. 
The condition (3.4) 2 of course follows from (1.35). 









div e, — 7E12( be 	 723 — 2n32) — 7E137E22, 
etc. 	(3.5) 
,  
Equations (3.5) are dual in that they can be derived from each other through the 
rotation condition (1.13). 
It is important to note that the self-dual set of conditions (2.1), which are 
consequences of the geometrical conditions only, can be obtained from the con-
ditions (3.5). Therefore the equilibrium conditions and the geometrical conditions 
are not wholly independent. This is evident also from equations (2.4) and (3.2). 









div e2 — 	div e„, etc. 	 (3.6) 
Under the transformation (1.13) these variables x„ and y„ transform as follows: 
xi —Y2, yP -1- —X2, 
XI: —3- —y 3 , 
* 	 ,* 
X2 ' YI 	J'2 	XI , 
— x3 . (3.7) 
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From (3.5) we obtain the dual sets of conditions 
6e, "7 13 = Y3 — .713n23 + 7( 12 7(33, 
etc., 	 (3.8) 
6 
be, 7r12 = — X2 + 7E127r32 — '7137E22/ 
etc. 	 (3.9) 
We remember that (3.8) and (3.9) do imply the use of the equilibrium condition. 
From (1.35) and (3.8) 1 
(5 	6 	6 
(beet n21
be2 
i — 	n12 	div e 3 = yi — 7E21 71. 31 	.723n115 
whence, by (3.6) and (1.35), 
6e2 
n12 	Yi 	7r127r31 T n23:7 11 
so that by (1.32) we obtain the self-dual set of conditions 
x32
yl ± n11(.723 + n32) 	7r12(n3i 	n13) — .7 13 71.21 — 	U3 = 0. 
2x31 
From (1.29), (1.30) and (3.4) we obtain 
6 
(log 7r T3 — 03) , etc., 	 (3.12) 
z:t33 	ue2 
2 N13 7G33 
1 C‘12 113 	 log.4 - 03 , etc., 	 (3.13) 
while by (2.2) 1 and (3.4) 
 del (	 I 
	
log 7rT 	0,) 	—2 dive,, etc. 	 (3.14) — 	
11 
From (1.11) one has 
62 	 (52 
	 [log .7r?' — 0,1 Lc5e2 Se t 	6e, 6e2 
6 ,„T 
[r13 be 7t23 ST :33 	[1u5. 	— Oil 6e 1 	6e3 
so that from (2.2), (3.12), (3.13) and (3.14), 
6 	 6 (a23 U1 	 N23 Ul i 	U2 
--- (2 div e l ) — ..., — ,., = —27c, 3 div e l + 7r23 — --, 	-I- n33 	 
6e, ("et N21 zi 1 	 N21 Lorll 	2n11 ' 




—4711Y3 	 32 (37r23 	27r) —111 
x21 be, 	 N21 
gr33 11 2 , etc. (3.15) 
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Again from 
r 62 	 62 	 1 
	 log 7,13 — 
03] 1e3 6e2 	6e2 6e3 
a 
[7E11— be  + 3721 — 7E31 6e3][
logn-233  — 03 
i 	be2 
and (1.35), (2.2), (3.12), (3.13), (3.14) and (3.6) 1 , one obtains 
Sul 
=-- —4n 3 3x, 
Se a 
6X12 
+ (37E2 1 — 2n12) u1 	nii —11 3, 
CX1.3 
etc. 	(3.16) 
The conditions (3.16) may otherwise be obtained from (3.14) by applying the rota-
tion transformations (1.13), (1.31) and (3.7). 
Finally, treating in a similar manner the commutation 
[ 62 	62 	




Se3 6e2 	6e2 ue3 
6 	o 
— [rru he 712,— 7(31 —
] 
[log 77 j — O il , 
one obtains the set 
Oe2 	6e2 
6X23 Sul 	6U2 	A 2 	• 
- 	= div el  + (n2i 
A21 ue3 oe2 
CX23 
2n12) 	Ul 	( r31 
6X21 
27r13) u2, etc. 
(3.17) 
Sul 	6u2 




from (3.17) by means of (3.15) and (3.16), 
3 
 
and using (1.22), we get the integrals 
yr21  — 	n31 u2 — 2 
6X23 — n33x1 	(132 2 	gr22Y1 	27rf i div e l = 0, etc. * 
oc21 6X21 	N31 
(3.18) 
We may now solve (3.11) and (3.18) to give the x, and y, in terms of u„. One 
obtains 
1 (C23 	 CX32°C32 	 °C32 div e l suixi = 	7r2itti + 7/31U2 -r- 	•722U3 	 7e22fi 
z (X31'-^31 	 CX31 
(6X23 (X23CX32 	 6X23
PlY1 	 nnui + 2T31u2 	3733u3 — — n33J 1 — nit div e 1 , etc. 
2 	6X21 	 6X21 6X31 	 a21 
(3.19) 
* The conditions (3.18) are the statement that the curl of the left-hand side (2.6) 
vanishes. In the subsequent analysis we shall take directional derivatives of (3.18). We 
must avoid the identity represented by div curl = 0. 
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where 
def 0632 	06 23 	°‘23 06 12 
	
pi = — n22 -1- — .733 = 	7r33 — :722 
06 31 	06 21 	0621 	 06 13 
by (1.22), etc., 
— 	1(7c23 	z32) 	712@r31 	7C13) 	713721, etc. 	(3.21) 
4. The Gradients of Xa, Ya 
The twenty-seven relations given by the sets (1.24), (1.26), (1.29), (1.30), 
(1.32), (1.33), (2.2), (3.8) and (3.9) give the three components of the gradients of 
v a the nine functions dab in terms of the variables 77:ab, Xa, V and ua. The six conditions 
but but bu3 6u1 but bu, . 
(3.15) and (3.16) give the six gradients 	 in terms of 
6e,' be2 ' 6e3 ' be,' (Se,' 6e2 these variables. 
In this chapter we develop eighteen relations giving the three components of 
the gradients of the six functions xa , ya in terms of the variables 	X V LI -ab, - a, , a, -a 
al I 1 6112 au, 






. It  apparent that no immediate expressions 
for these three gradients are available. We shall thus include them as additional 
variables, to be eliminated subsequently. 
From (3.9) one has 
bx3 	62 	 6 
— '723 + — (7 137r23 — 7r21 733) 
be l 	6e1 6 e2 	6e1 
6 2 6 	 6 	6 
6e2 be, 




23 +X23 —6e27r23 + —
(U.1
.713 
6 	6 	 6 
+ :733 (be 723 — be 7[2]. — 7E21 be 7r33, 	
by (1.11). 
3
Making the appropriate substitutions for the gradient terms we obtain * 
bx3 	62 	 6 	
etc . 
x3) + x1
3 	 06 12 
be 	6e2 be , 	 6e, 	 a.12 




+ 7C33[ -2722(7r13 + 731) + 7r23(2712 + 7r2I) — /1210732],  	(4.1) 
From (3.6) 2 and (1.35), one has 
Y3 
— 	(/ 
be 	6e 6e2 
723 — z32) — 	(n13n23 — n137(32) • 
, ,  
6 2 




	7r23 may be expressed in terms of (l a and 
2 	1 44' 
:Tab through (1.24) to (1.27). For reasons of economy of space such substitutions will be 




A. W. MARRIS 
Commuting the first term by (1.11), substituting for the gradients and reducing, 
we obtain 
4,3 	2  
6e, 	6e2 6e1
(.723 — 7E32) — 2713 
6e, (723 
+ (732 — 2723) y3 	7E33X2, etc. 
A check on (4.1) and (4.2) is obtained as follows. If they 
expression for 
be 
 (x3 - I- y3), which may be verified by 
gradient of (3.10). 
From (3.6) 1 and (1.35) one has 
— 732) 
(4.2) 
are added we obtain an 
taking the appropriate 
ax 3 	62 
=_- 	 
6e2 	6e2 ael 	 6e2 
(731 — 713) — (723731 — 723713) • 
Commuting the first term by (1.11), substituting for the gradients and reducing, 
we obtain 
ox3 	62 
6e2 	0e1 	0e2 (-731 — 7(13) -1,- 2723 6e2 (731 — :7 13) 
— (731 — 2710 x3  + 7333'1, etc. 	 (4.3) 
From (3.8) one has 
03 	
a2 
6e2 	6e2 0e1 
:713 
which similarly leads to 
oe2 (713723 — 7E12 733), 
	





 0e, 0e2 
7t23 + 2r23 —
6e2
.7 13 + .7 13(3'3 — x3) — 1211 	
31.
1 — 733 113 
+ 733{7E11( 123 + 732) — 7(142721 - I- :7 12) 1 :112:7311, etc. 	(4.4) 
A check on (4.3) and (4.4) is obtained by taking the appropriate gradient of (3.10). 
Again from (3.6) we have 
y3 	2 	2 	 2 b (5X 6 6 _ 
[  
 div e l — a  [7t, div e 1 ] 
a 
3 	— 	[7(12 div e 1 ]. 
6e3 	6e2 ae3 6e2 	0e2 ae,
j 	
6e3 	 ae2 
Applying the commutation formula (1.11), expanding, using (3.6) to eliminate 
the gradients of div e l , and using (3.10), we obtain the set of relations 
6y 3 	6x 2 	6 
0 06. 	
e2 = 7E,, [
0e, 
div e 1 — (div e 2 ) 2 H- div e 2x2 — div e 3y3, etc. 	(4.5) 
3  
6 
We note that by eliminating 75  -
e2




713 = — (3'1 4- x1) 721 21 13 — 71 11 732, 
3 
etc. 	(4.6) 
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7E13 1 7E13 7E23 — 7 12733I 




'713 721 7 13 7E11 732 • 
6 	 6 
eliminat i ngApplying (1.11), expanding and   
by (3.8), (4.6), (3.10) and (4.6) again, respectively, we obtain 
Oy 3 
6 
el(Yi + x1) — div 
32 	77 32 div ei 
 -7 12 — 	div e31 
e 3 y3 
— '7E22 
5 	 etc. 
[6 
— 713 div e2] 
(4.7) 
( 
6e 3 	6e1 	








6e 3  
Taking the directional derivative of (3.11) with respect to e 1 and eliminating 
aril 6 :7 12 67 13 (57 31 	67E21 
6e 1 	6e 1 	6e L 	6e, 
and del 	by (2.2), (3.9), (3.8), (1.32) and (1.33), respecti- 
vely, we obtain 
1 A32 6u 3 [ 6 
A)) == 	 -711 	( - 	2(5/i3 	732) 
6e, 	 2 A31 Oel 	 ae
7,3 
 i  
	
13 	, 	N21 
(7731 + '713) x2 + (712 + 7(21) Y3 	7N3U1 ,  7C12142 
2(12 	 LA23 




(y i + x1 ) between (4.7) and (4.8) and replacing y, 	x, 
, 
 
in (4.7) by the expression (3.11) and then using (1.35), we obtain 










7 13 	7 13 7 31 	733
de3
5/,2 + 7 1 2 72 1 
'Al 3 	 A21 
+ (731 + :7 13) 	 + 2Y — 2713 	 5/12142
2A1.2 7(13u1 	2A23 
N32 r 
1.72 — 732) u3 — .712{(7 13 
2N3 1 
I- 7 1 3 72 1( 71 2 3 + 732), etc. 
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From (4.5) and (4.9) we now have, using (1.35), 
6x2 	1 A-32 OU3 r 	 a 




+ 7( 22 — 
oe2 
7 13 	-7 13:7 31 — 7r33 — 7E12 1- 7( 12721 ae3 
2:713x2 — (rri 
A13 
1- 7E1 2) 33 , 	 2713111 
2x12 
(4.10) 
(X21 	 A 32 
21 12 112 	1723 — 732) u3 
2x23 	 2N3i 
7].2 R713 	7E3 (723 -1 732) 	27rI 3 71231 + 7E13721(7( 23 -17 732), etc. 
The six sets of conditions, taken in pairs (4.1) and (4.4), (4.2) and (4.3), (4.9) 
and (4.10), give the eighteen gradient components of x a and ya . We have obtained 
these conditions independently by direct computation. The rotation condition 
serves as a check. By applying the transformation given by (1.13), (1.31) and (3.7) 
to (4.1), (4.2) and (4.9) we obtain (4.4), (4.3) and (4.10) as their respective duals. 
5. Derivation of Integrals (1) 
It appears that while the relatively simple expressions (3.15) and (3.16) are 
	
6 u, 	au, 	 bu t available for the gradients 
ac 
—, etc., and 
6e' 
etc., the third set of gradients —
6e2' , 3 
etc. is much more deeply entrenched. If one looks at (1.29) or (1.30), one sees 
that the first two sets appear as second order mixed gradients of the abnormalities, 
, au 
while the gradients 	depend on terms such as 	. Our purpose now is to 
0e2 6e3 
6u, 
generate expressions for the gradients 
6e' 
etc. For purposes of reference we use 
2 
 
the term "integral" to mean a polynomial relation among the eighteen variables 
ou l 6u2 au3 
:Tab, Xal Yu,uu and the three gradients — , 	, — . ae2 ae3 6e, 
Substituting directly the expressions from the sets (4.8), (4.9) and (4.10) into 
the identity 
a 





1 cv21 (5142 
2 (X23 at') 
1 N32 6113 	1 n13 atij 
-1- — 7(32x1 	2.723y1 2 LX31 be 	L. (x 12 be 
— 
2 
(73i 	713) (Y2 — x2) - H (712 	721) (Y3 — x3) 
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, 'N- 13 	 , N21, 	 1 	.1C37 
— (731 — 7 13) Ul 	k.-71 12 — 721) 112 -1- ---- (723 — 732) U3 
A- 12 	 'N'23 	 2 OC31 
2711(723 	 + 222(731 	713) 4 - 7(33(142 —5221) 
T 7(31 7E12(2723 r 732) — 7 13[732(2721 — 712) -1- -723(712 + 221)] = 0 • 
In (5.1) we write 
	 (5.1) 
(7 3 t +- 713) (Y2 — x2) 	—27713x2 	2:73IY2 	(713 — 7r31) (y, - 1,- x2 ), 
(7 12 	721) (y3 — x3) 	— 272 IX3 	277 12Y3 + (72 1 	•7.r1 2) (Y3 -1 x3) 
and substitute for y 2 + x2 and y3 	x3 from the system (3.11). We obtain 
the symmetric relation 
°c32 16u3 
()el 
IA.13 rui , 
+ (723 — 737) u3 + — ---,s, M (731 
N12 ue2 
— .77.. )3) u 1 1 r u2 
1;23 ae3 
+ (712 — -71 1) 112,1 
	
— 4 [ (7 32 x1 — 72 3 Y 1 ) H- (71 3 X2 — 73 1)2) + (721X3 	712Y3)] 
4 {-7 11(761 — 223) T 722(7 13 — '731) + 733(7121 	-7 2)] = 0. 
	(5.2) 
This symmetrical relation is invariant under the rotation given by (1.13), (1.31) 
and (3.7). 
A second integral can be obtained as follows. From (3.8), (1.29), (1.30), (2.2), 
(3.15) and (3.16) we take the directional derivative of (3.15) with respect to e 3 
 to obtain 





 0 — -712710'3 — 	-- 111 + LY2 11 1 ere3 6e, =x23 	Oe3 	11113 	 N. 23 	 2 (N12 
[ — .7437 ,3 	2731) + 3.721(723 H - 232) ± 27327 12i U1 
[
, 	(X•12 
— (3723 — 2732) —4733X1 + (371 1 — 27 12) Ul -1 - —„, 711U3 
'-'13 
(51'21 
— 2;733(7 12 — 721) U2 — 733 — • 	 (5.3) 
.1'23 	 de3 
Similarly, taking the directional derivative of (3.16) with respect to e 1 , we obtain 
azut 	 O)1 12 	 3 N13 0 , 
—4:733 	— — 113,X1 — 8232233X'1— 	— Ur 4X2//t 
0e 1 6e3 	 0 el 	N13 	 N 2 	--•••12 
+ [712(3731 + 2710 — 3723(7 12 H- 721) — 2732712} U1 
, N21 
+ (3771 — 1712) — —4711Y3 — (37 	
A23
23 — 2732) 	Ul 
'11; 23 	 °C21 
N12 	 6U3 
— 
x13
-27 11(7/3 — 732) u3 + 711 del  • _ 
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From the commutation formula (1.11) with (3.15) and (3.16), we have 
62 ut 	62 1/1, 
(X21 	 -"X23 
7 12 —4711Y3 — (3723 — 2732) 	Ul — 733 112 




+ 722 — :73 2 —4:733X/ + (3:T2i - 1712) ill — 1 u3 . 
	
bet (X13 
From (5.3), (5.4) and (5.5) we now obtain 
bx„ 	A21 	bY3 a12 	6u3 	6ul 	N21 	but 
—4733 	
, 
I — — 711 — 7(22 	
7/.33 
be , CX23 	be, 	A 13 	be, be 	0‘23 
,  
2(x2 — Y2) u, m 4 
(X21 
— U2y3 — 4 
(X12
— U3X 
(X23 	 (X 13 




— 7133(7 12 — 7r2 1) U2 	 1,7123 — 732) 71 11 113 — 4(371 23 — 732) 11 33X1 
CX23 	 (X13 
A (X21 (, 
— --- 	






On substitution for and 	 from the sets (4.9) and 
, e, 
0 	0 	6 6 
for -- 
be 
 :72 3 , ---- :7 3 2 , —
e a 
:71 3 and 
be 
— 71. 12 from (1.24), ( 
, be , 2 	 3  
we obtain the integral 
(4.10), and substituting 
1.25), (1.26) and (1.27), 
CV,/ a/12 	 (X12 6143 	 but 	 N 12 
3733 	 + 1711 	 ± 2(x, — Y2) u 1 -- 4 — U3X1 
V)3 ae3 a13 uel 	bet 	 a13 
-N21 	 , A '1:21 A  
+ — U2Y3 — 4:733(:732 + 3:723) x1  -1- — :711(731 7 - 713) x2 
4-X23 	 '="(23 
+ 4:733(131 + 1113) 	
A (X2 I 
— — 711(1112 + 37(2 I) y3 
°23 





11 11 13) + 222(1731 — 713)] Ul 
[ 	
_ 2 
, 	-.., (x2I 	 (X,, 
-1- [3 — ?133(1112 -- 7r 21) — 2 (----.) :710. 12 U2 
(X 23 	 (X23; 
J3 N12 	 '1‘32 ± — — :732) — 2 	33232 113 
III 	l3 	 A21 








.... ii ..... 	—2 	A — 8763731 + 4 
A 
	.6 	-'1, 33./12 	7- '1' 
A23 
, -- 
A21 	2 „,.2 	i 	A 
4 -1- 4733711 73'2 — CI ,, - 711' 623 + 
'-'23 
on Ericksen's Problem 
,..._2 	A31 	2 	, 	A31 	 A21 
.1 133 — — 711 -:-- — 711 722 — 711 733 
A13 A23 	 A23 
N12 	2 , 	A13 	, 	A21 	2 
— 733 — 7(337 11 -1- — 733'722 + — 71 11 









A13 	 A23 
0,230, 31 7 11 733 .7 13731 [ A23 	 + — 711 722 
A21 	A21 A21 
± 4 — — 733711 + 	-I-
+ 733 t — 722 + -7
A 13 	A32 
-- 733 	47 11722733 + [ 626—"
r21 
 23- 
— 2 A32 A 
,,-- 
A 	'''-- 1 32 ' "22'
6 33 
Al2 3 	, A13 3 	, , Al2 	Al 3A31 ,,, ,....2 
+ — — — 
[A32 	
L 
n A13 	Al2A21] 
A31 	A23 	A31A23 
733'22 — 6 	3 — 	7r33 7 11 
,„2 i (A21 
A:23 






A21 	A'31 	3 	A32 
— 711 	"7 11 ± — 
A23 	Al2 a21 
Al2 	A31 	A 32A23 
3 	, 	A 





— 3  3 
1 ) 
, 	r21 	1 A32 
+ — ''' ---,,, 
A23 	'-'12 
A13 	A23 




+ (A23Ar 	A13 
2 
733 
A 1 3A 31 ,,2 








[ 	2 — _ — 
A13 	A21 	A 1 3A21 
A21 (Al2A21 
;7 11 733 	„,, 
{ '-'13 	A23A32 A23A32 
711 
Al2A3 1 	Al2 
4 — .7 11 722 — 2722733 + 4 -,,,, 1 
,.., A21 	 , A23 
1 	
Al2A21 
— 733' I = I), 
,.,.. 




If one applies the rotation transformation given by (1.13), (1.31) and (3.7) to 
the condition (5.7) one regains the same condition. 
A second check on (5.6) and the relations leading to it is as follows. If one writes 
(5.6) as 
— 4.733 
(5X 1 	 A21 6,173 , a12 	(5u 3 
+ 47 11 — —, -E. — 711 ----- 
fe, 1'23 0e3 	1'"13 	ae, 
6u, 	A 71 1 	()1.1 2 
—722 - ---.1/2 	4- ---- -'733 '--- + C6'13 =0 
,e, A)3 	6e 3 
(5.8) 
and eliminates the expression 
Al 2 	611 	6 3 " 	21 	6u2 
7 11 	— 7 22 j— 	7( 33 -- 
N13 	6e, 	5e2 	A 23 3 ("  
between (5.8) and the condition obtained by permuting the indices forward once, 
one obtains by (1.22) 
a.Y3 	6.X. 2 	 (1.32 	 ex. 23 15x1 	 A23 , 4.7r,   + 4 (7 2 2 — — 733 — 	(1)21 	,P13 = 0. 
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Since the conditions (5.8) are cyclic, the conditions (5.9) can represent at most 
6y3 	6x, 




from (5.9) by 
means of (4.5) one obtains the same condition as that obtained by taking the direc-
tional derivative with respect to e, of the presented member of the set (3.18). This 
latter condition is only equivalent to two conditions because the three conditions 
(3.18) are the components of the curl of the vector given by (2.6) so that the diver-
gence must vanish. 
6. Derivation of Integrals (2) 
Consider the member of the set (3.18)* 
1 12 	 N12 
713 - 143 ± 723U1 ± 2 — 7E10'3 — 	7722X3 	2^L33 ,4;„, 	O. 	(6.1) 
A13 	 _ (X23 	 Al 3 
We take the directional derivative of (6.1) with respect to e l using (1.35), (3.8), 
(2.2), (1.29), (1.30) and (3.6). We obtain 
N12 	 X12 6143 	6 	 (511 1 
(Y3 -- 7E137E23 + 7 12733) —1E3 7 13 — 	--- 723 tit ± -723  
'1'13 A.13 s ae ' 6e i 
A1,1 	 (X21 	 Nr, [X 2 
4- 2 , 732(27 11.1'3) 	2723 — 	 '71 11 Y3 	 ,--„, 7122X3 - - 11 3-1 3 
'-'23 	 X23 	 '-'13 	 X13 
(Ai2 
+ 4,733 - U3 + 22132.733 div e3 + 2'33(Y2,' :132 div e3) 
Al3 
+ 2 [x21 L7.11 6Y3 	l2 	6-V3 
-722 	- • 
'N23 	oe, 6ei 
Eliminating the term 
N-21 
	x-12  22x3from (6.2) by means of (6.1) we 
obtain 	 N23 	
/ 3 
)12 




— 7r, 1 .732.3.3 	div e3 [2.723 I- 5.732 ] 
[
, 12I 	6Y3 	.N.12 	ky311 	
7/ 
A.12 6u3  ( 	6u1 
+ 2 — 	 .-.- - - 22 	 13 	 5,7- -;-- :72 	CI , 
N23 
711 6e 1 Ni3 7 Oe1 x1313 ,,e1 
3  Set =  
etc. 	(6.3) 
   
(6.2) 
* Note that we avoid the operation discussed at the end of Chapter 5. 
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Taking the directional derivative of (6.1) with respect to e 2 in a similar manner 
we get 
[ --A-3 + 23'3 -- 7 13723 -- ! 733(4712 — 5720] u1 
,., 	I oc 12 	,3„.2 ..,... _1 	A A 2 
+ — 713 — L713 — u3 + '-..' 33.' 1 4. --
l 
 .722731 -V3 [ 
6e, 	 A 1 3 	 A13 	
— 2733 div e3 [27 13 + 5.7r31 ] 
a21 	&V3 	A l2 	6x3] 	(X12 6U3i 	61/1 
+
2 711 — — 722 — +X13 — — + 723 ---.. = 01 [ 
N23 	be, 	oc 13 6e2 	a l3 &,2 o e2 	
etc. 	(6.4) 
The conditions (6.3) and (6.4) have yet to be expressed explicitly in terms of 
au, but 61(3 
the variables 	 and the three gradients —
be, ' be ' 
—
6e,
. 7tab, xa, ya, ua 
hu, 	au3 
	
The gradients and — are readily eliminated from (6.3) and (6.4) by sub- 
oei 	ae2 




6x 3 Oy 3 ax3 	ay 3 
— 	
6e, 
3 by the relations (1.24) to (1.27). To eliminate —, 
ae, be2 	ae 2 
 -- and 	- we 
Oe2 
use (4.1), (4.2), (4.3) and (4.4). In making this substitution expressions for
e 723, , 
KT  732 , w2 231 , -w2- 7 13 are obtained directly from (1.24) to (1.27). Expressions 
for the second order mixed derivatives in (4.1) to (4.6) are naturally more com- 
plicated, but they are all obtainable by taking the appropriate gradients of the rela- 
2 
tions (1.24) to (1.27). We illustrate by considering 	6e, -723 
6.x3 
expression (4.1) for 
be, 
 . We have 
occurring in the 
(52 
ae2 6e1 72 3 
= 
A32 
27 23 	(7 21 	:7 12 + :7 12 	72) 
6e2 	 °‘ 12 ue2 	 ae2 
6 / 1 2 3 67 1 1 	i'-'''il 1 2 3 (57 2 2 	6)1 2 3 6.73 3 
(6.5) , 	s + 	 A 
	
-r , 
c,7(11 oe2 	i-).722 , ,e) ,
,
:r33 	ae2 , 
a 	a 	a 	(57 11 6722 6.733 
	g iven respectively by (3.9), — -72, — 17, — , 	„ 	are i where 66'2 3 	7 ae2 	 - (54'2 7 2 1 ae2 	ae2 ae2 	 - 
(1.32), (3.8), (1.29), (2.2) and (1.30), while by (1.27) 
q 1 23  l 	N 32 	, A31 
"71 22 -1- — 7 11) ' 
i"):7 11 
- 
2 N '12 	 N12 
1; 32 x32 N 2 (N32 	A'21 ' --)1 1 l 23 	I 	(7. 
— 	
(v12 
33 71 I + — — — ---.) .72 2) 1 
,.'-22 	2 '7 A'12 	A 12 	'N'23 
.-411 13,.., C‘'. 1 3 
3 	— 1 (722 — 3- -733 • e.7 33 	2 	 A'12 
152 	 A. W. MARRIS 
After a somewhat tedious but straightforward calculation we obtain from (6.3) 
(6.4), respectively, the two sets of integrals 
X12 	(J/13 	X12 	
x21  713 023 — 2x3) U3 	7.(1 10732 — 27123) Y3 





x13 ()e1 	 X23 
X21, 	'xi 2 	 x32 	 (X21 
2 	7(11 7E22 	1 2723X3 	712Y1 	1733 (733Y2 	711X2—I- 
x23 	A.13 X12 A23 
5 	X31 	, 	5 	X12 'x23x32 3 	N13 	2 A'21 5 	X32 { Ail 4 "122 — 4 — 7r 33 L 	H 711722 
7(1733 
, 	x21 	, 'X.2.1 	x12 	 , 	f 	N21 	X12 	X3.2X32 
-I — L — 711732 — — 722 +7133 723 	U2 7--1 — -71 	I- — 722 721 




-1- — l,.3713723 J1 - 733(5712 	- 47 	'L 21)) + — 
	
71227121 	1/3 
X13 	 X/3 
9 
71227133 	271237132 	712721 	Ill 
N12 
x21 	x32 ri 	 '1‘23 
— -7 11 	— R712 — :1'21) 713 ± 7127311 7121 	713731(713 + 731) 
rx23 	IX12 	 X13 
H (7237(32 H 27132).7TI  3 	r -H 1732(713 
3 32 
F 732) 	— 7 12 721 .731 
X12 
X13 	1X12 
A21 	N12 r 
- — [ 	
r




— 2 — 7122733(723712 — 721'732) 
A:I 2 	I X32 	 r . 
—2-- 7'122 1 — — 721) 7 13 	7 I2731] 72I 7C23 L(723 
x21 	 . 
— 4 — 711 7133 71 I 2732 + 2733(471,3 + 57132) (71 12 — 712 t) 
[, X32 
4733 .7, 3 7, 1 + 2.. — :711(7/(2'.723 	- 721 232) 
A1 1 1 
)
731 + 732713] 
{ X21 	x31 	I 	X21 	 3 	0, 12 	X3/x23 
+ 	— 711 	75- 1 	 1 	 7/i) 
X23 	x12 	2 	X13 2 	A13 Ix21x13 
5 X13 	1 'x'23X32 	, ( 
, 
2 3I2 	.,c. c1:1231 753 — , X12 
 x32 	 , x23 




x12 	1C31 2 , 	X12 	x32x23 	2 	1X13 2 
722 — 7 -1 11 - 7 
,., 
22 + 	7133 
x13 	x12 	X13 	x21313 	 x12 
, 'X32 






(X13 + 	4 ' ( 	
(X 12 	' 
(XI2 















+ — 7 11 (X32 3 7-- 
(X12 (X121(31 
12 1(32N23) 	2 
7(22 
1N13 
Al2 	3 N231(32) 2 
722 
N13 	2 N21 x13 
.722 — 8 -'722-733 
N23 




6 	 733 
CX12 
 




	711 7E22 — 2722733 731 — 
A'12 
etc. 	 (6.9) 
(5U1 	 'X.12 
7T23 	 + 43) U1 7 	722(3731 — 27(3) x3 ae2 	 ':X13 
(X21 	'X 12 	 =X 31 
711 	— 7E22 2713:1 ± )3 	721 X2 
(X23 	'X'13 	 'X.21 
N12 	 (X23 	(X21 	N12 	1(31 N31 
--L 2733 ( .733X1 	722Y1 + 	 77 11 	— 7722 	 7 12 











723713 + 733( 5 -7, 1 
'X12 	 A.21 
2 —72,731 — 
:X13 
5 	' N 32 	2 , 	3 
4 	
722 
A-71 	 4 
9 
:-,12,7r3 3 	— "7( 337( 11 
2 
47E12)1 — 
7 11 	733) 





















7621 7( 1 , 
X23 (X12 
:'7 11 722 1 — 27317E13 U3 
12— 
'X'31 
+ 2 — 7( 7 	 (721 — 712) -713 + :721:73 -d 7 12 













A21 	A. 31 
- 2 	at — 0(-721 — 7 12) 71 3 	7(7 1.7321 71' -7 7 13 [( 731 
A13 1 32 -H. 7E317231 
, rX, 1 	 X31 
—r- 	7 1I —7 — '722 	471337( 13-T12 	 7247, 1 713 	7 11730 
tX,3 	A13 
12 
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121 
— 2 — .711733(713721 — 21 31712) 
123 
, 	{ 112 
-r- 
(X13 
( 3 	121 
2 	(X23 
121 
-1- — 7 11_ 
(123 
,.., 	0'1 3 1 
— 4 — 711 7.22 
121 
, 	

































5 	/23 	, 131 113 ( 
2 	cx2 1 	2 	121132 
722733 — 733711 — 
121 	(X 31 (X1 13 	2 
) 
131 
— 711 722 
LIG11 












722 -1 - 










123 	1231 12 
, 	A 	
r 
(9' -r ,i, 	 ' 





— 722733 — 8733711 11- —
21 7
11 722 
(X23 	 (X 1'231 12 
1 3 2 	 CX21 , 131 (1 13 	2
1 - 2 — 711 	— 733 4- 4 	 76 1 .7337 ti 
A23 121 	 123 	(X231 12 
1-131 	1 
7 11 722 i 2132 = 0, etc. 
121 
(6.10) 
While the conditions (6.9) and (6.10) were worked out independently, it may 
easily be verified that they are duals. One may obtain (6.10) by applying the rota-
tion transformation given by (1.13), (1.31) and (3.7) to the condition (6.9). 
7. Proof of Main Theorem 1 
With the six quantities xa and y„ given in terms of u„ tr2 and u3 by (3.19), 
btr l but bu3 






, u 1 , u2 , u 3 , 
2 
the six curvatures Tab,  the three abnormalities 21,„  and the two independent ratios 
2 
ai a2 
, i  . These ten relations are the symmetrical condition (5.2), the three 
a2 a3 
conditions (5.7) and the six conditions given by (6.9) and (6.10). 
If these conditions are independent at each level of the elimination, we can 
bu t 6112 611 3 




, u„ u2 , u3 to obtain four homogeneous 
polynomials 
"1 "2 
Fx. (Taw "Tab, 2, 2 ) 	0, 	— 1...4. 
(72 a3 
(7.1) 
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We are then faced with the problem of determining whether the conditions (7.1) 
are independent. For example, they could possess a symmetrical common factor. 
It may be possible to resolve these immense difficulties using symbolic computation 
by computer (1979 [1]). 
We can, however, prove that there exists at least one homogeneous polynomial of 
the type (7.1). We do this by substituting appropriate values for aaa, a a? 	a3 , na, ab, 	- 	- 
and performing the elimination. Since there are redundancies, there is evidently 
more than one way of doing this elimination. We obtain a series of necessary 
consequences of the expressions with numbers representing complicated polyno-
mial functions of the above variables and we finally obtain a non-vanishing 
numerical value for the desired functional relation of the form (7.1). There are 
of course many ways of achieving such a representation since we have the 
redundancy in the integrals at the beginning. We are, however, seeking just one 
representation. In choosing the values for the variables we must be careful that 
the order of the equations is not reduced at any stage of the elimination. 
We choose 2T 	= 
so that 
From (3.19) we have 
°`' 2 
CX21 














2,'r 33 = —1, and all :Tab = I, a 4= b. 	We take 
: a : 03 = 1:2:3, * 
1 
cx23 = 	3 , 	C\:31 = 	2, 
1 	 2 
C‘32 	2 , N13 = -3-- • 	 (7.2) 
[-u, 	3u2 	
3
u3 	3] , 
u3 
5 [— ui 	3u2 — 4 -- 2 , 
8 	 3 
— 
3 
— 111 + 6112 	 111+ 4] 	 (7.3) - 
1 	 3 
—
8 
[ -811 1 	6U2 	 12] , 
U3 
— — 3U, — 
4 
— 7 10, 
3 	u3 
2 
+ — 5. 
2 	4 
2 
* In accordance with (1.5) this means 012 = =—, 0-3 = 	, ai =  — 
16 	17 6 1/6 
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but by (8.2) 
6'32 
U2 = —2 -7112222 , 
'%3 
so that by (1.22), since 71 12 does not vanish, 
1 612 
7133 	2122 = 0. 2 (X13 
Again, by (8.2) 2 
2132 	04 13 233 
223 6 12 222 
so that by (8.14) 
1 
233 + 2 
612 —7122  = 0 . 
6 13 
(8.17) 
By (8.16) and (8.17) 222 = :733 = 0, which is a contradiction. This completes 
the proof of Lemma 8.1. 
From Lemma 8.1 and (8.3) we immediately have 
Lemma 8.2. If one or more of the three curvatures 7E21, 7132, 71 13 vanishes, there 
are no new solutions. 
We now prove 
Lemma 8.3. If there are new solutions when the ratios of the abnormalities are 
2 12 2123 21 31 	221 232 07 13 
constant, then the ratios— ,—,-- and — 	,— must all be constant. 
nil nii 211 211 7r11 211 
.713 i From (8.2) the ratio — s constant, so that 
2131 
2131 be2 21 13 — 2131 —Se2 2131 = 0 . 
Substituting for 7131  from (8.2) and cancelling 71 13 , which does not vanish, we 
obtain 
.7E33 6 , 621 
	
bee 	
--r- — 	7(3 = 0. 
n11 ue2 cx23 bet  
(8.18) 
Substituting from (1.24), (1.25), (1.26) and (1.27) into (8.18), using 71 13 = 
C‘21 2 11 
7131, etc., as given by (8.2) and using (1.22), we obtain from (8.18) 
'N23 233 
621 [621 211 	2 	632 222233 2 	°‘31C‘13 7(33 41,2 	7r33 1_   + ,1 02 3„, 	—1- C213 + 
0C23 °‘23 7r33 	 621 211 	6 326 23 4- .22 211 





nil 	6X23 :7 11 733 
6X21  231 ("7 11) , etc. 
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where 
731 	 7 12 	 723 
°I = 	, 02 = 	 03 = 
7 11 	 7 11 	 nit 
	
We have three equations like (8.19) in 	ei. Evaluating the discriminant of 
these equations using (1.22), one has, since the abnormalities are non-vanishing 





N21 711 [ 
6X23 733 
711 
























6X13 733 [ 
6X12 722 —  — 11 73
2 
 (X21 N 12 
= — 
[N31 nii 	6XI2 '7r22 	(X21 7 11 	(X23 733 	6X 13 -733 _2 + ___ _ ± _ _ _l_. _ _ ± _ _ + _ _ + 6X32 7r22 _ _ 
6X32 722 	6X13 733 	6X23 733 	6X21 711 	6X12 722 6X31 n11 
6X31 7 11 6X13 733 + 1 CX 23 733 + C‘32 722 + 1 (X 12 722 4_ (X21 nil = 4 . 
6X 32 722 (X12 722 6X21 nil 6X31 nii 6X13 733 6X23 733 
(8.20) 
-71.33 	, N21 /2 231 Again the terms 3 0213 	„2 	in (8.19) involve only the ratios of the 
nil 	°C2.3 "11 
abnormalities and are constant. We see that equations (8.19) may be solved to 
7E23 7(31 give constant values of 0?, 02 and 03. Thus the ratios— 7(12 , —,— are constant. 
711 nll :To 
7 1 3 
Finally, from (8.2) 
721 732 2 13 
so the ratios 	 are constant. This proves Lemma 8.3. 
:7 11 211 nil 
We prove 
Lemma 8.4. If there are new solutions for the case under consideration, then 
at least one of the quantities A„ 22, A3, defined in (2.7) must be zero. 
21  i 7  Since 	is constant, --;5 7r21 = 0, and it follows from (1.33), (1.35), 
1 1 be -IT  
(2.2) 1 that 
1 CV 3 




A. W. MARRIS 
and for (9.2) to give non-zero values of n 12 and n 13  in accordance with Lemmas 8.1 
and 8.2 we must have 
	
7227E33 - 7E23 7E32 = 7d3, 	by (8.26). 
From (8.3) and (8.26) 
7E13 7E21 - :T31 71 12 = 0 • 
These conditions are combined in the form 
7E13 	7E33 	7723 	:T31 
= 
7T12 :T23 7T22 7E21 
From (8.6), (8.24) and (9.1) 
x3 = -7L33 div e 3 , 	Y2 = :T22 div e2 . 	 (9.5) 




and it follows 
We note 
(8.24) and (8.26) gives x1 = yi . 
(3.8), we then get 
xl = 	= 7T21(27T13 — 
from (3.6), (9.4) and (9.6) that 
 div 	div 
(
with 	 -- 	with 
— — 






7T31) — :T11:T23 
7T13 7r21 	711 7[23• 








e2  = 6e 2 	 e 3 
that the conditions (1.24) to (1.27) 
(721 	7E11722) - 7,- l'77327r23 `- Z227(33) 
32 
3 	1 	[N23 
± A243 + 3 A 1 
CV32 
2 \ 	13 
ln22 (7T11/733 — n31.1 C2733 - 7E237E32) 
3 ai2 1 	1 	CX13 	 1 
-, — A2,63 —„ —4341 + —
4 (X1 .3 	 a23 
7E21 = 66,3 
and 
21 :12 , etc., 
4 	oC32(X23 
CC12 
- a12 7E22'42 7 '4
`-'13 
n31 = e2 
, 	 Ai3a311 „ /11 a .2 , 	etc. 
N32'.23 
By Lemma 8.6 all the curvatures bear constant values on the vector-lines of 
e,, and we have in particular (57-.7r 32 = 0, 
1-e 




New Theorems on Ericksen's Problem 	 167 
and (1.22), we obtain from (9.8) and (9.9) 
1 °12 
733711 — :713.731 = —  4 cc i3 
, 
:711 722 — 712721 	4 42 1 3 • 
Again by (9.3), (9.8) and (9.9) 
  \ 	'Ll21 1 	 \ 	°‘23 — div e3 = 
6 
— Ori2 — .721) = (7227rii — 7r12/ — -- l7r33n11 — 'Z31-713) — —,„ :T33A3 6e3 	be, 	 a31 "4'21 
+ 	1 
1 N21Al21 	, 	, °C23 	 3 , , — [ 	1'2.43 — HI — :711 7r22) --t- —, 33 23 -- 4243 4 N1.3°31 6x21 4 	' 
and by (9.10) and (9.11) we obtain 
6 
6e, 
div e 3 = —(div e 3)2 . 
Similarly we obtain 
—div e2 = —(div e2) 2 . 
6e2 
Let er be the unit normal to the surface n il = constant determined in Lem-
ma 8.6; then eZ = e3 x e i is the unit vector perpendicular to e 1 in the tangent 
plane of the surface. Then by (8.4) and (8.26) 
* —div e2e2 — div e3e3 
e3 — 
and 
* 	  —div e3e2 + div e2e3 e2 — 
By Lemma 8.6 all the curvatures are constant on the surface 
It follows that 
6 	 6 
be* 
	e2 = 0 and 
be 
 div e3 = 0. 
r
From (9.14) 2 and (9.15) 
6 
—div e 3 — div e2 + div e2 	div e 2 0 











6 	 6 
—div e3 —
6e2 
div e3 div e2-
6e, 
div e, =- 0. 	(9.17) 
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Substituting for —
be 
div e 3 and 
be 
div e2 from (9.12) and (9.13) and noting 
, 
 
from Lemma 8.7 that neither div e 2 nor div e 3 can vanish, we obtain 
b 	 a 
 div 	div — — e 3 = —div e, div e 3 . 
n137621 — :711 2723 • 
we obtain 
7r1.2 7131 2223 = 
clef 	 del 
= x, 	n23 = Y, 
X 	1.33 y = °• 
so that 
X 
n33 	 5 
1 	N12 








From (9.7) and (9.18) 
By (8.27), (8.28), 
L%12 
We write 
and (9.20) becomes 
From (9.4) a. 	n 13 	31 
and we obtain from (9.10) 
1 :7 11 21 33(r13 2121 
—7(33X 
e, = 
b , e2 
—div e, div e 3  = 
and (9.19), using (1.22) 
r137r21 = 7( 12:731 
[
,•12 





n13 7r31 = 
+ E7r1i7G33 0. 42.43] y = 4 	cx13 
For (9.22) and (9.23) to give non-vanishing values for x and y one must have 
„,2 	 6X12 	 , 1 0 „,, 	 q2 
"11 ,,33 — 7111'133 	11.2.43 	n11n33 -t- 	22A3 = 0 
°‘13 	 4 X•13 
which reduces to 
, N12 
	
;•22 .3 (3,1 1133 	2223) = O. 
C6 13 
It follows from (9.24) that 
222 3 = 0 
or 
, N12 	, 





If (9.25) holds, the result follows from Lemma 8.8. 
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We are left with the possibility (9.26). Using the expressions (2.7) for 22 and 
2 3 , and eliminating 7c 33 in favor of 7t2 2 by (8.24), and using (1.22) and (8.24), 




 — dt22 = 0 . 
°32 	C‘31 
(9.27) 
Our aim now is to obtain a further expression involving only the abnormalities 
and the ratios of the proper numbers. We achieve this by obtaining an expression 




this expression and (9.8). The curvatures are eliminated in favor of the abnorma-
lities by (8.2), (9.10) and (9.11). 
We begin by taking the gradient of (9.19) with respect to e 2 . Some subsidiary 
expressions are needed. 
From (9.13) and (9.18) we have 
	
be, 
(div e2 div e3) = —2(div e 2)2 div e3 , 	 (9.28) 
and by (1.35), (3.9), (9.2) 1 and (9.5) 1 
 be 
7E23 — —)E3 + 7E23 7E13 — 7E217E33 	2n33 div e3 . 
, 
By (8.1) and Lemma 8.3, —66e2 :22 : = 0. Accordingly, by (2.2), one has 
be, 
2r21 — 	2.7c21  div e2 . 	 (9.30) 
Equation (9.30) also follows from (3.8) and (9.6). 
By (8.4), (9.28), (9.29) and (9.30) we obtain for the e 2-gradient of (9.19) 
2 (div e 2) 2 div e 3  — (e2 
 7
r1 3) n21 
— 2(r 137E21 — 7E117E23) div e 2 — 27 1 1 7E3 3 div e3, 




21  1 ----
(5 e 2 
t 7 r 1 3 ) — 27E117E33 div e 3 = 0. 	 (9.31) 
By (8.2) 2 and (9.31), eliminating ni , in favor of 7r 21 and then cancelling 7r21 
which by Lemma 8.2 does not vanish, we get 
7r2.2 	n13 	27c 11 7(33 	 = 0, bet C'32 
C‘31 „2 	 (9.32) 





7 0‘21 2 	5 N12 
A 	nii — n11n22 
N23 4 al3 
N32°C12 _2 
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By (9.8) and (9.11) for 4 = 0, we have 
c:5 	 N12 	 1 N12 „2 
7r13 = "13 n337c11 — — 7.6222 + —A — 4243. (522 a '13 	 4 N13 
(9.33) 
Also by (8.2) 





— 337611 	4 an  A
2A3 , 	(9.34) 
by (9.10). Eliminating 761 3 from (9.33) by means of (9.34) and then substituting 
for -T-
e








1 N12 , 	7(11 °C21 7 27 3 
	
N12 
2122 [— — "1 (I — 	— '4 /1. -I- 7E11 — 7r2222 ] 
N23 	4 a13 ""33 c‘23) 
2N31 
7C11 7C33 = 0 . 
4N32 




so (9.35) reduces to 






N21 2 	1 a12 , 	, 	6V12 
— 7r11 — 	 (1. — 	)1 A2/63 -r- Z337( 11 	427r22 -=" 0. 	(9.36) 
N23 	4 a13 eX23 
Substituting for 2223 from (9.26), substituting for 2 2 from (2.7), and eliminating 
n33 in favor of 7r22 by (8.24), we reduce (9.36) to 
(9.35) 
Eliminating 7r32 between (9.27) and (9.37) and using (1.22), since n u does not 
vanish, we obtain 
N32 
76 11 -3 7(22. 
cx3i 
Substituting (9.38) into (9.27), we get 




For distinct proper numbers the ratio °‘32— does not vanish. Thus 7(22 
6V31 
which is a contradiction. This proves Main Theorem 2. 
is zero, 
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Concluding Remarks 
No simple new conditions are obtainable by applying the commutation for-
mulae (1.11) to the curvatures and abnormalities. The evaluation of expressions 
such as 
( 	63 	
6 3 	) 
7(23 6e3 ae 2 ae, 	be2 66, 3 ae, 
The two mixed gradients are reduced by the commutation 
62u3 	 O2x2 
formula (1.11). The gradient 	can be expressed in terms of 
Se 	2 Se 
by (4.10), 
a3 




(n23 — n32) by (4.3). This term 
u3 
can eventually be reduced. Alternatively, - 
oz 




by (4.9), and a similar, dual procedure adopted. Before realizing that this opening 
of two paths strongly indicated that the calculations would lead to an identity, 
we carried out the procedure completely and indeed obtained an identity. The 
reduction requires the expressions (6.9) and (6.10) and gives a verification of their 
correctness. 
While Main Theorem I.1 guarantees one homogeneous polynomial relation 
among the abnormalities, the curvatures and the two independent ratios of proper 
numbers, we cannot be sure that the ten integrals given by (5.2), (5.7), (6.9) and 
(6.10) are completely independent. With the large number of terms involved we 
cannot be sure that common factors representing new solutions will not arise in 
later stages of the elimination process. However, if these integrals are completely 
independent and if we can generate six further completely independent integrals, 
then we would have sufficient conditions to show that the ratios of the abnormali-
ties are constant. It would then follow from Main Theorem 1.2 that no new solu-
tions are possible. 
We have established that no new integrals can be obtained by taking the gra-
dients of the symmetrical condition (5.2). It is an impossibly tedious task to derive 
completely the conditions determined by taking the gradients of (5.7), (6.9) and 
(6.10). We may note that in the expressions obtained as the e 3-gradients of (6.9) 
and (6.10)* the highest terms in ita come from 
[OCl20C32 (y3 —  2x3)  /13 H ()C3 — 2V3)  
213  	 , etc. 
e‘13°31 7rI3 	 7623 
i 6Y 3 	
OX3 	 (5113 	(41 1 
* We use (4.9) and (4.10) to give — and — n terms of —, and — and then 
0e 3 Se a oc i 0e2 
eliminate the latter gradients using the original expressions (6.9) and (6.10). 
gives identities. 
It was hoped that another set of integrals of the same order as (5.7), (6.9) 
and (6.10) could be obtained by taking the directional derivative of the symmetrical 
condition (5.2). The procedure is as follows. 
Taking the gradient of (5.2) with respect to e 1 , we obtain the second gradients 
62u3 	azui 	62u2 
aei ' der 6e2 ' Se t ae3 . 
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N13°‘3 I n13 7(23 
respectively. The highest terms in u a in the gradients of (6.9) with respect to e 1 
and the gradient of (6.10) with respect to e2 come from 
2N12 (Y3 — x3) ())3 — 2x3) u 3 etc. 
N13 	 77 13 
and 
2(y3 — x3) (x3 — 2y3) u 1 
	 , 	etc., 
a23 
respectively. The pairs of leading terms show common factors. The complete 
expressions may possess corresponding common factors, leaving at most six 
conditions which in turn may not be independent. 
It seems possible that the verification or otherwise of the complete independence 
of the ten integrals (5.2), (5.7), (6.9), and (6.10), the determination of the conditions 
given by the gradients of (5.7), (6.9) and (6.10) and finally the performance of the 
eliminations, could be accomplished using the computer symbolic mathematics 
systems (1979 [1]). For the benefit of a reader who might wish to undertake this 
we tabulate the equations giving the various gradients required for deriving the 
conditions from (5.7), (6.9) and (6.10). 
Gradient 	 Equation 
6 	6 
---(5e3 :721.,-6e3 7(12, 
etc. 
6 	6 
7(23, - 3, etc. 
ae, 6e3 
6 	6 
7(32 , 	etc. 
6e3 6e3 
6 	6 






6e1 ' oe,' 6e3 etc.  
(5.Yi aYi 6Y1 
, etc. 
ae, 6e2 6e3 
ou t 
— , etc. 
6e2 




etc. 	 (1.29), (1.30), (2.2) 
(3.15), (3.16) 
(4.10), (4.1), (4.3) 
(4.9), (4.2), (4.4) 
(6.9), (6.10) 
New Theorems on Ericksen's Problem 	 173 
Note added in proof It seems that the statement "We give ten polynomial inte-
grals effectively involving sixteen arguments. These are the ten variables indicated 
above and ..." following the statement of Main Theorem 2 in the Introduction, needs 
clarification. 
In (I.2) there are two independent ratios of proper numbers. Also, the relation (I.2) 
al-11 6142 OU3 
and all other conditions obtained after eliminating u1 , ri2
' 
 /43 —, —, — , are ho- 
0e1 0e3 06. 1 
mogeneous polynomials in the nine abnormalities and curvatures. The abnormalities 
do not vanish. We may thus divide throughout by one of the abnormalities, 7c /1 say, 
to the appropriate power, and see the conditions as relations among the eight ratios 
7r22 7r33 7(12 
.... These ratios of the proper numbers comprise the ten variables 
nil nil all 
referred to. 
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